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AN ABSTRACT OF THE DISSERTATION OF

Bo Yu, for the Doctor of Philosophy degree in Mechanical Engineering, presented on June 17,
2016, at Southern Illinois University Carbondale.

TITLE: NONLINEAR DYNAMICS OF CABLE GALLOPING VIA A TWO-DEGREE-OF-
FREEDOM NONLINEAR OSCILLATOR

MAJOR PROFESSOR: Dr. Albert C.J. Luo

The galloping vibrations of a single transmission cable that may vibrate transversely and
torsionally has been investigated via a two-degree-of-freedom oscillator. The analytical solutions
of periodic motions for this two-degree-of-freedom system are represented by the finite Fourier
series. The analytical bifurcation trees of periodic motions to chaos of a transmission line under
both steady and unsteady flows are discussed from the generalized harmonic balance method.
The analytical solutions for stable and unstable periodic motions in such a two degree-of-
freedom system are achieved, and the corresponding stability and bifurcation was discussed. The
limit cycle for the linear cable structure are obtained by gradually decreasing the sinusoidal
excitation amplitude. In addition, the numerical simulations of stable and unstable periodic
motions are illustrated. The rich dynamical behavior in such a nonlinear cable structure are
discovered, and this investigation may help one better understand the galloping phenomena for

any elastic structures.
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CHAPTER 1

INTRODUCTION

1.1 Background and motivation

Flow-induced vibrations have been studied since the early 19'" century. In recent years,
with the rapid development in engineering technology, the materials of structures (aircraft,
bridge, power transmission lines) tend to become more flexible and lighter. Under the
circumstances, flow-induced vibrations have been considered as one of the important factors
during the design process.

When an elastic structure oscillates in a steady flow, the flow around the structure will in
turn oscillate relative to the structure. The fluid forces caused by this flow tend to increase the
amplitude of the oscillations. Such a phenomenon is called galloping vibrations which are one
type of flow-induced vibrations. The galloping of ice-coated transmission lines in a steady wind
is caused by its unsymmetrical non-circular cross section. In these situations, just like an airfoil,
the vertical component of the aerodynamic force tends to increase the amplitude of the vibration
in the vertical direction. The galloping vibrations of iced-cold power transmission cables are
observed in Canada and North America. The vibrations not only can cause wear and damage to
the transmission line hardware but also lead to severe disruptions in the electrical power supply.

To understand the mechanisms of these phenomena, different mathematical models and
techniques have been applied by various researchers. However due to the complexity of fluid
forces, depending on orientation and velocity of the structure, and linear modeling of most
structures, many of the characters are not yet totally comprehend. In this dissertation, a linear
model for the conductor is used to investigate the galloping vibrations by using the generalized

harmonic balanced method. The dynamics of the linear cable under both aerodynamic and
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oscillating loads are studied. In addition to the linear structure, a nonlinear model is also used.
Through such a nonlinear system, different dynamical response can be achieved from the linear

system.

1.2 Introduction

The galloping vibrations of transmission lines have been investigated extensively since
the early 1930. In the early stage, the analysis of galloping vibration was mainly based on a
single-degree-of-freedom (SOF) system (Den Hartog, 1932 and Parkinson, 1989, Blevins, 1977).
Later on, a two-degree-of-freedom (2DOF) model was used to study the galloping phenomena by
Blevins and Nigol (Blevins, 1974, 1977; Nigol and Buchan 1981, and Richardson, 1981).
Compared with the SDOF system, the 2DOF model considers the torsional effects of
transmission lines, that was actually observed in field observations (Edwards and Madeyski,
1956). In addition, it has been shown that theoretically the twist motion has also played an
important role for the initiation of galloping vibrations (Blevins and Iwan, 1974; Desai and
Popplwell. N., 1990). In 1993, P. Yu (P. Yu, Shah and Popplewell, 1993) developed a three
degree-of-freedom model. Based on his model, the galloping behavior in the plunge, twist and
horizontal directions (long-wind direction) was discussed and explicit expressions for the
periodic and quasi-periodic solutions of galloping were obtained. Assuming most transmission
lines are deforming linear with increasing wind load, in general, the conductors are modeled as
linear oscillators. However, in fact, the nonlinearities of the structures (materials and geometries)
are the important factors might affect the predictions of dynamic response. So nowadays it is

trendy to study the nonlinear phenomena of galloping vibration.

www.manaraa.com



The modelling fluid force on the structures are very difficult and challenging. It is
actually impossible to obtain a true model for the fluid forces on different bluff structures. If the
oscillation of a structure is small enough, the aerodynamic force may be modeled as linear
function of angle attack (Eg. airfoils). However, in most cases, the aerodynamic forces are
nonlinear and coupled with the structure. Especially for the aerodynamic loads on the
transmission lines, the fluid flow is separated by the structure’s cross section, the fluid force is a
nonlinear function of angle of attack. Generally, the fluid models depend on nonlinear curve
fitting to the experimental data that are measured from the wind tunnel test. The aerodynamic
force on the bluff structures can be written as a polynomial. In 1959, Slate (Slate, 1959) studied
the nonlinear aerodynamic force by employing a polynomial of order as high as 25. However,
such a model usually demands a heavy computation load. For all the previous models of
transmission cables, dynamic responses of the transmission lines are talked about only under the
aerodynamic forces. In this dissertation, the dynamics of the power transmission cables under
both aerodynamic loads and external forces are investigated. The external forces are in the form
of sinusoidal waves. Based on this model, different kinds of periodic vibrations can be obtained

analytically for a specific set of parameters.

1.3 Mathematical techniques

For the computations of mathematical models, most research work are relying on the
numerical results. However, the transmission lines are naturally slight damped, so the
conventional time-marching techniques are time consuming. Even for a single degree-of-
freedom model, the finding of possible steady-state galloping vibration can still be protracted.

Since the models are also nonlinear, bad initial conditions can yield no galloping motions that
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might be actually exist. So some analytical approaches have applied to find the steady-state
solutions such as Krylov-Bogoliubov time averaging method (Desai et al, 1990), the harmonic
balance method (Parkinson, 1989), and multiple scale method (Nayfeh, 1981). Some of these
results were generated based on the concern to estimate maximum galloping amplitude (Blevins
and Iwan, 1974). Therefore, they are very crude and insufficient. Meanwhile the analytical
solutions for periodic solutions are obtained only for the ratio of any two natural frequencies is
close to a ratio of two positive integers (Blevins and Iwan, 1974; Desai el ta, 1990). It is known
that galloping vibrations can normally have limit cycles (Blevins, 1974, 1977). Herein, one of the
goals in this dissertation is to obtain the limit cycles in a 2DOF cable system.

In 2012, Luo systematically developed the generalized harmonic balanced method to
obtain the analytical solutions of periodic motions and chaos in nonlinear dynamical systems.
This method employs the finite Fourier series with time varying coefficients. Based on the idea
of principal of virtual work, a dynamical system of coefficients is generated. Through such a
dynamical system, the steady-state solution is obtained, and the corresponding stability and
bifurcation are completed. Luo and Huang (2012-2014) used the generalized harmonic balanced
method to study periodic motions of Duffing oscillator. The analytical bifurcation trees from
period-1 motions to chaos were obtained. Then Luo and Yu (2013-2015) studied the periodic
motions in a quadratic nonlinear oscillator with a periodic excitation using the generalized
harmonic balanced method. The analytical routes of periodic motions to chaos are clearly
presented in their work. Later on, Luo and Yu (2014-2016) also researched the dynamics of a
parametric nonlinear system through the generalized harmonic balanced method. Some
interesting phenomenon about the parametric systems can be discovered by applying this

method. The periodic motions in a periodically forced, van del Pol oscillator was studied by Luo
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and Lakeh (2013). And Luo and Jin (2014) investigated the analytical solutions of periodic
motions in a time-delay system. So far that’s all the work that have been done for the single
degree of freedom system. In 2014, Huang and Luo (2015, 2016) studied the analytical solutions
of periodic motions in a Jeffcott rotor system via a two-degree-of-freedom nonlinear system. For
a better understanding of periodic motions in two-degree-of-freedom nonlinear systems, Yu and
Luo (2015, 2016) investigated the periodic motions in two-degree-of freedom spring mass
damper systems with a nonlinear spring. In his work, the approximate analytical solutions of
periodic motions for a two-degree-of-freedom nonlinear oscillators are presented, which is much
more accurate than existing solutions based on perturbation and modal analysis. The accuracies
of the solutions can be controlled for different parameters by choosing the number of harmonic
terms. It is very helpful to use this method for some practical applications. For example, one can
use the results for this two-degree-of-freedom system to understand the dynamical behavior of a
tuned-mass-damper system (R. Viguie, 2009), which are beneficial for the design to avoid any

unwanted interactions.

1.4 Organization of dissertation

In this dissertation, the generalized harmonic balance method is introduced in Chapter2
for nonlinear dynamical systems. The mathematical model for a single power transmission line
under aerodynamics loads are derived in Chapter 3. In Chapter 4, the periodic motions in a linear
cable structure under steady and unsteady flow are studied by the generalized harmonic balanced
method. The bifurcation scenarios are obtained by for a specific different sets of parameters, and
the galloping vibrations for this line cable structure is completed. The analytical solutions of

periodic motions in a nonlinear cable structure is investigated in the Chapter 5. The bifurcation
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trees of period-1 motions to chaos are presented. Finally, Chapter 5 concludes this thesis and

discusses the future work.
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CHAPTER 2

METHODOLODY

Consider a nonlinear dynamical system as
X+f(X,x,t)=0 (2.1)
where f(x,x,t) isa nonlinear function vector and is periodic for time with T =27/Q.

Assume an approximate generalized periodic solution for the steady-state motion of Equation

(2.1) is the form of
X" (t) =al" (t) + ibk,m (1) cos(l%zt) +Cyp (t)sin(kFQt) (2.2)

Then the first and second order derivatives of x'(t) are

X (t) = al" (t)+2(bk,m K, 0052 (6,0~ by, )sin( ) (2.3)
m m m

* (m N kQ . kQ kQ
X (t) = a(() )(t) + Z(bk/m + 2F0k/m - (F)zbk/m)cos(ﬁt)
k:IiQ kQ kQ (24)
+(Cm — 2_bk/m - (_)ch/m)Sin(_t)

m m m

Suppose that a{™(t), b, (t), ¢, (t) vary slowly with time. Substitution of Equation

(2.2)-(2.4) into Equation (1) and averaging for each harmonic terms of cos(l%zt) and

sin(%t) (k=12,---) gives

a(m)+F(m)(a(m) b(m) C(m) a'_(m) pm C(m))=0

Bk,m+2ka ( ) bk/m+|:1(km)(a(m) b(m) C(m) a_(gm) b(m) C(m)) 0,

2.5)
" k.Q k Q0 M 7 () (M) () <) L m) s fm
Ck/m_zl_bk/m ( ) Ck/m+F( )(a( ) b( ) C( ) a( ),b( ),C( ))=0

fork=12,---,N
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_dlag(lnxn7 n><n7'“’N|n><n)
k, =diag(l,,,2°1.,,--,N?I )
b(m) (b(m) b(m) b(m)) C(m) _(C(m) C(m) ,Cg\lm))T

(2.6)
F(m) (Fl(lm)’ Fl(Zm)7 Fl(liln))
(m) (FZ(T),FZ(?), B (m))
for N=12--,00

. 1 emT
(m) (q(m) (M) ~(m) g(m) |K(m) A(m)y _ _—- v
FM (@™ b™ c™ g™ p™m ¢ )_mTjO f(x, x, t)dt
FI™ (a™ 6™, 6™, & b, ¢m) = . [ fxx. cos( oyt 2.7)
mT J0 m

F(™ (al™ b™ ¢ M pm My - miT [ fx, X,t)sin(% Qt)dt

Without the assumption of slow varying with time, the averaging cannot be done for the
dynamical system in Eq. (2.1) with the approximate solutions. The approximate solutions in Eq.
(2.2) is treated as a transformation, form in Eq. (2.2) in an approximate solution for ready-state
motion in Eq. (2.1)

Setting

X =(a,,b,c)" and Xx=x,, one obtains

m _em o K2, k,Q m o KQ k,Q
g= (_Fo( )R —2-2 Cym + (Z_)Zbk/m’_FZ(k) +2-L=b,,, + (==9)’c,)" (2.8)
m m m
Equation (2.5) becomes
x=x, and X, =g(X,X,) (2.9)

If x,=0, the equilibrium points is given by g(z",0)=0,,, ..., i.e.
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F{™(a;,b",c",0,0,0) =0,

ka“”(aé,b",c*,o,o,O)_(kZQ)Zbk,m =0,
km (2.10)
FZ(;T)(a;,b*,C*,O,O,O)—( ZQ)ZCk/m =0.
m

fork=12,---,N
The foregoing equation is given by the traditional harmonic balance method. Once the
equilibrium point of z" =(a;,b’,c")" is obtained, the approximate solutions in Eq. (2.2) is
obtained, which gives the steady-state solution of dynamical systems in Eq. (2.1). The stability of
approximate solution can be determined from Eq. (2.9). Let y=(z,z,)" and f=(z,9)".

Equation (2.9) becomes y =f(y). The linearized equation at the equilibrium point

y =(z",0)"is given by

Ay™ = DF™ (y" ™) Ay™ (2.11)
where,
DE™ (y ™) = o7 (y™) /oy ™|, (211)
The corresponding eigenvalues are determined by
IDF™ (y"™) = A yap . oan | = O- (2.12)

From Luo (2012), the eigenvalues of Df™ (y*™) are classified as

(nl’ r]2’ n3 | n4’ n5’ n6)
The corresponding boundary between the stable and unstable solutions is given by the

saddle-node bifurcation and Hopf bifurcation
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CHAPTER 3

MECHANICAL MODEL

3.1 Mathematical model for a single transmission cable

Consider a tightly stretched cable of length | subjected to a transverse force f (x,t) per
unit length and an external torque f,(X,t) per unit length, as shown in Figure 3.1 and Figure
3.2. 6(x,t) denotes the angle between the tension N(x,t)and horizontal axis. ¢ and c, are
the damping coefficient in the transverse and torsional direction respectively. T(x,t) is the
twisting moment. The transverse and torsional displacement are w(x,t) and ©(x,t)
correspondingly. If the displacement w(x,t), is assumed to be small. The application of Newton’s

second law yields the equations of motion:

z, W(x,1) f

Figure 3.1: Force balance in vertical direction

fo (x,t)dx

J (X, 1)+dT (x,t)
|25 “A-r---p)-->

o) TGy >
Co (X,t)E O(x,t) + dO(x,t)

Figure 3.2: Moment balance in torsional direction
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2
(N +dN)sin(@ +d@) + fdx— N sine—c(x,t)@dx = p(x)dx %t‘gv

2 3.1)
(T+dT)+ fdx—T —c (xt) dx_l (x)dxa®

Where p is the mass per unit length and |, is the mass polar moment of inertia of the

cable per unit length.

Let

2
sme_a—W sm(9+d9)_@+a dx, T(x,t) = GJ(x)—(x t) (3.2)
OX ox  ox?

Hence the equations of motion of a uniform cable in both transverse and torsional

directions can be simplified to:

2 2
NIV ) ey D= p O
X ot ot (3.3)
RO 00 . %0 '
GJ w (x,t)+ f®(x,t)—c®(x,t)az l, e
Which, in the case of free vibration, reduces to
o2 o*w(x,t)  o*w
1 2 - 2
azgx at 34
c; — (x,t) =

Where ¢, and c, are:

_ F : :JQ 39
P Iy

Eq. (3.4) are in the similar form. Both equations can be solved by using the method of
separation of variable. Let

w(x,t) = Xl(X)Tl (t)

(3.6)
O(x,t) = X, (X)T,(t)
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Substitute of Eq.(3.6) in to Eq.(3.4) gives

3.7
1d°T, 5.1

Since the left-hand side of this equation depends only on x and the right-hand side

depends only on t, their common value must be a constant. Let

¢ d®X, _1dT,
X, x* Tt '
(3.8)
idzx2 _idsz 2
X, x* T, t° ?
Then the Eq.(3.8) can be written as
2 2
KX)oy (x)=0(=12)
dx C (3.9)
T.(t) +o/T,(t) =0 (i =1,2)
Once the solutions are obtained,
o X . OX .
X.(x)=Acos——+B.sin—(i=12
(00 =Acos= =+ B sin"= (=12 .10)
T,(t)=C,cosoit+D,sinot (i =1, 2)
After applying the boundary conditions
X.(0)=0, X,(1)=0,(i=12) (3.12)
The characteristic equation can be obtained
("é)n' =nz,(n=1,2,...) (i=1,2) (3.12)
Then nth the natural frequency of the problem can be written
(ai)n:@,(nzl,z,...) (i=12) (3.13)
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The solution w, (x,t), ®,(x,t) correspondingto (o;), and (o,), can be expressed as

W, (1) = (), 00(T), () =, (sin =

(3.14)
. nhzX
0,(x,1) = (X,), (X)(T,), () =a,,(t)sin T
Where
a (t)=C, cos?”% . b sin ””T“ (i=12) (3.15)
And the total solutions can be written as
w(x,t) = W (x,t) =D a, (t)sin ?
=t = (3.16)

o) =>0,xt=>a, s @

w, (x,t) and O, (x,t) are the nth mode of the vibration in the transverse and torsional

directions.
For a lightly iced transmission line, its eccentricity can be assumed negligible.

Substituting w(x,t) and ®(x,t) into Eq. (3.3) and use of orthogonality of sinusoid functions

2 ¢! Lm=n
T16008,00dx =~ (3.17)

#0N
where

gn(x)zsin@,gm(x)zsin% (3.18)

Lead in the usual way to the normal coordinate equations.
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P+ 3 80 F [ ex02,002,09x+N 2] 2,0

m=12,...

=21 0E, (0 dx
! (3.19)

W0+ % 80 0o 0u06,005,008x+63 (V] 0

m=1,2,...

I RACORGER

Use the new notations for v(t)=a,(t), &=a,,(t)and let c(x,t),c,(x,t) be constant.

Then substituting,

2
M=p,c(x,t)=c,,k, =N (n—ﬂ) , F =zjl f(x, )&, (x)d x, a,, (t) = v(t)
I y I 0 n n
, (3.20)
nz 2 ¢!
=1y, Co(x,t) =y, K, = GJ (T) Fu =T fe D& (0 dx 2, () = 0()
The Eq.(3.19) can be rewritten as
M) +cv(t)+kv(t)=F
”() y_() V() =F, (3.21)
16(t)+c,0(t) +k,0(t) = F,
3.2 Mathematical model for fluid force and moment
The corresponding generalized aerodynamic load, F, and F,,, can be expressed
conventionally, as show in Figure 3.3-3.5 .
F = L 2dC
y EpLJ y(a)
1 (3.22)
Ry =5 Ad°C, ()
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Where, p isthe density of the air. U is the steady wind speed. d is the conductor’s
diameter. C (a) and C_ («) are nonlinear functions of the angle of attack o that depends on

the cross section and Reynolds number.

!

v F = %prestL

v

Fy =L pU2,dc,,

~

N N N N T

Figure 3.3: Translation

Figure 3.4: Rotation (torsional damper is not showing)
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P N N

Figure 3.5: Translation and Rotation (linear and torsional damper are not showing)

The vertical force coefficient C («) and torque coefficient are

2
C, ()= LLJJFZ' (C cosa+C,sina)
: (3.23)
Urel C
uz "

Cp(a)=

Usually they are represented in polynomial form. Slater (1959), used 25" order
polynomials to predict the solutions. However, the analytical solutions are difficult to obtain in
this case. In this dissertation, the coefficients are approximated by using the cubic order

polynomials. C_,and C, are the aerodynamic coefficient of life and drag respectively. C,, is

the torque coefficient measured in the wind tunnel tests about point of rotation.

In 1974, Blevins and Iwan used a third order polynomial,

C,(a)=-aa+a,’

(3.24)
C,(a)=-ba+ba’
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a, &, b, b, are constant coefficients that can be obtained by curve-fitting experimental
quasi-static wind loads.

For small angles of attack, o <1,

Urel ;U

. (3.25)
a=0-RO/U-V/U

Where
R=R;siny (3.26)

Plug Eq.(3.22-3.26) back into Eq.(3.21). The equation of motion can be expressed as

V(L) +c V() +kv(t)
=L pUd[-a,(0-ROIU —V/U)+a,(0—ROIU ~V/U)]
2
s (3.27)
16(t) + ¢, 0(t) + k,O(t)
=%pU2d2[—b1(a9—R6"/U —V/U)+by(0—RE/U —V/U)]

In this dissertation, the galloping vibration of the linear cable are first studied via such a
two degree of freedom nonlinear oscillator. The analytical solutions are obtained for the limit
cycle under 1:1 case. Then periodic galloping of such a cable system with cubic nonlinear
stiffness in both directions are mainly investigated. The analytical routes of periodic motion to
chaos are achieved. Numerical simulations are illustrated to demonstrate the complexities of the
periodic motion in both transverse and torsional directions.

The equation of motion for such a cable with nonlinear term can be written as:

MV +c,V+k,V+ k'yv3

=%puzd[—a1(9—Ré/u —v/U)+a,(0-RO/U -V /U)*

16 +¢,0+k,0+k,6°
1

=§pU2d2[—b1(0—R9/U —V/U)+b,(0—RA/U —v/U)’]

(3.28)
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CHAPTER 4

ANALYTICAL SOLUTIONS FOR LINEAR CABLE STRUCTURE

In this chapter, the galloping response of a linear cable that may vibrate both transversely
and torsionally are studied by using generalized harmonic balance method. Analytical solutions
for periodic motions are presented in Fourier series form with finite harmonic terms, and the
stability and bifurcation of the corresponding periodic motions are completed. The galloping
vibrations are discussed for such a linear cable structure with a small periodic excitation. Then
harmonic amplitude effect of the period-1 motion under different external periodic excitation
amplitudes was investigated. The frequency of the limit cycle was also obtained. For a better
understanding of the galloping vibration for such a two degree-of freedom cable system,

trajectories and amplitude spectrums are illustrated.

4.1 Analytical Solutions
Consider a linear cable structure with aerodynamic load and external load.

MU(t) +cv(t) +kyvt)=F, +F,

.o . (4l1)
16(t) +c,0(t) +k,0(t) = F,

Where the aerodynamic force and moment F,, F, and the external load F, can be

represented as

1 : : - :
F, :EpUZd[—ai(G—Ré?/U —V/U)+a,(0-RO/U —v/U)*
F, :%puzdz[—bl(O—Rélu ~V/U)+b,(6-ROIU -V /U)*] (4.2)
F, =Q, cosQt
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The standard form of Eq. (4.1) can be written as
X+f(x,%1t)=0 (4.3)
Where,
Xx=(v,0)", x=\,0)",f=(f,f,) (4.4)

f, = 0,0° + a,0V + a,06° + a,N* + a 00V + a,0°6 + 01,0 + o, V°
+ g + a0V + o N + a,0° + a0 + o N+ ag v+ Q cos Qt

f, = B,0° + B,0N + B,00° + B,N* + B.ON + 5,0%°0 + 5,0 + BV°
+ ByON? + B ON + BN+ BL6° + 0+ B0+ B0

(4.5)

and

_pdR%a, _3pdR*a, _ 3pdR’a, _3pdRa, _ 6pdRa,
- az_ 1a3__ !a4_ 1a5__—1
UM UM 29 UM 29M
_3pdRUa, _ pdRUa, _ pda, _ 3pda, _3pdUa,
6= pem HT T » g = 1 A9 = — 1 A= ’
29M 29 UM 29N 29N
du pdU? du? c K Q
G = g e % Q=g
dRsb 3de 3de 3de 6,0d*Rb.
P 2 B,= ,0 5 B=- 1Y% 2 B, = ,0 3 P 3

21
_3pd RUb3 pd RUb, pd2b3 3pd2Ub
Bs TR Pr=— o Py = 201  Po=—

21
pd?Ub, pd 2u ?p,
2| ﬁ12 -

1

11

(4.6)

p=

 Ps=—
3,0d b3

 Bo=

1311: -

pd 2U _
ﬁlS bl ﬂ14 6 ’ ﬂlS_I_e
The analytical solution of period-m motion for the above equations are

0=+ Y B 005 ey, O in(T),

(4.7)
o"(t) =a%’ (t)+ zbzk/m t) COS(_) +Cpm (1) 'n(@)

k=1
Where mis the ratio of the period of periodic motions to the excitation period.

Then the first and second order derivatives of v'(t) and &°(t) are
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(0 =8+ 6 )OS )+ (6 (D),

= a’l(g]) + Z Pem COS(_t) +Qu/m Sin(_t)’
kQ kQ

9 (t) a(m) + Z (bzk/m 2k/m) COS(_t) + (Czk/m - FbZk/m)Sin(Ft);
=a{l +ZBK,m cos( t)+Ck,m sm( ) “8)
- ..(m -- kQ . kQ
V() = a1(o) + Z[blk/m + 2_Clk/m - (_)zblk/m]cos(_t)
k=1
.. . kQ
+[Chym — blk/m ) Clk/m]SIn( t),
I kQ . kQ., kQ
0 (t) a( ) + Z[bZk/m + 2_C:Zk/m _(_) 2k/m]COS(_t)
k=1 m m
.. kQ - kQ., kQ
+[Com — ZFbZk/m (— ) Czk/m]SIn(_t)
where
B|/m = l:.)lem + iglc:Zl/m /m C = CZi/m _inZi/m /m (49)
Pi/m = bll/m + IQClI/m /'m, Ql/m = Cyifm — in1i/m /'m
Define

a;” = (g a,")",

b™ = (blllm’b12/m!""blN/m’bZl/m’bZZIm"”7b2N/m)T

(m) _ T
= (C11/mlc12/m'”'fC1N/m'C21/m’C22/m""!C2N/m)

=(c!™;ci™).

Substitution of Egs.(4.8), (4.9) into Eq.(4.3) and averaging for the harmonic terms

of cos(kQt /m)andsin(kQt/m) (k=0,1,2,...) gives

www.manaraa.com
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(m) +|:(m)(a(m) b(m) C(m) a(m) b(m) C(m)) 0

.. kQ kQ
2 (c) (m) |Ry(m) A~(m) s(m) |{y(m) A(m)
By +2 m Cum — )blk/m+F1kC/m(am b™,c"™, a;", bm ,Cp) =0,

Where

] (s) (m) (M) ~(m) A(m) |y(m) a(m)y _ A
Corm — blk/m ) Curm + Faicim (ao b, c 18 ’bo 1Co )=0;
~(m) (m) (m) |(m) (m) (m) KR(m) A(m) (411)
a5y +Fy (a,”,b™,c™, &, ,bo ,Cy') =0,
. kQ., .
1 (c) (m) KM A(m) A(m) KM a(my _
bZk/m + 2kQC2k/m _(F) b2k/m + FZk/m (ao ’b G, a, vbo 1 Co ) - 01
kQ., .
(s) (m) |(m) A(m) A(m) (M) a(m)y _
Cokrm 2ka2k/m (F) C2k/m+F2k/m(aO b, c 1&g 'bo 1Co )=0.
o * . 1 mT * e *
M (@™ b™ ¢ M ™ amy I £LX™ XM t)dt
mT 70
. . . 2 emT . (e kO
RO @",b™,c™, af b, e5m) = —= [ f,(x™", X", t) cos(—t)dt
mT 70 m
. . . 2 pmT . ol . kQ
F(S) (a(m)’b(m)’c(m),a(m),b(m)1c(m)): f (X(m) 1X(m) ,t)sm(—t)dt
1k/m \YAo 0 0o %o mT do 1 m
1 (4.12)
. mT
FA @, b™,c™,af”,b{", ) =—— [ f,(x™",x™", t)dt
mT 70
. . . 2 nt . () kQ
FA (@57, b™,c™,al™, b™ ¢fm) = = [ £,(x™,X™",t) cos(——~ )t
mT 7o m
. . . 2 pmT P ()
F(S) (a(m)’b(m)’c(m),a(m),b(m)1c(m)):_ f (X(m) 1X(m) ,t)sm(—t)dt
2k/m Ao 0 0o %o 2
mT 0 m
(m) (4(m) |[{(m) A(m) g(m) |{(m) A(m) < i 14 15
m m m m =(m m (m 1
Fo (8, 0™, c™, 85", by, ¢ ):Zaifl +oy, By +as fy
i=1
(c) (m) /(M) A(m) z(m) |{(m) A(m) ~ i 14 15 16
C m m m =(m m A(m 1
Fiom (@, 0™, ™, 85", by™, & ):Zai f, +ay, Ty +ays Ty +Qf)
i=1
(s) (m) (M) A(m) z(m) |{(m) A(m) S
s m m m) A(m m) A(m i 14 15
Fom(@, 0™, ™, 45", by, €y ):Zai fo +a, fy +asfy
= (4.13)

EM @™, b™ ™ 4 pm my Zﬂf + Bty + Bty

i=1

13

(c) (m) |y(Mm) A(m) s(m) (M) a(m)y _ i 14 15

Fiom(@,b™,c™, 45", by™, ¢ )_Zﬂif2+ﬂl4f22 + B T2
i1

13
(s) (m) KM ~(m) g(m) |K{m) A(m)y _ i 14 15
Focrm (ao b, c 18y bo 1Co )= ZIB. fs + B f32 +Bis f32

i=1

www.manaraa.com



22

Define
(m) _ (m) . ~(m) T
Z bqu’ : blN/m’CHJm’”‘ Cinyms Bz 'b21/m'"”sz/m1C21/m1""C2N/m)
— (m) (m) (m) (m) (m) (
=(21 12y Y ZoNs1r Lonsar Longg "t Z4N+2) (4 14)
(m) A 5(m) _ (m) 3 5 L 4(m) R ] A 5 T ’
Z, =1 bl:lJm’ : blN/m’Cl:lJm"” Cinymy S 'b21/m'”"bZN/m’c21/m""’C2N/m)
— (5(m) (m) (m) . 5(m) (m) (m
=(21 vzz ZZ,“ 22N+2'22N+3’ Z4N+2)
Equations (4.11) can be rewritten as
2™ =z and z™ =g™(z™,z™) (4.15)
where
(m) (5(m) (m)
_F10 (Z 12y )
k,Q . Q
FR (27, 27) - 276" 1k, ()b
m m
k,Q Q
R, 27) #2725 1k, ()l
g™ (@™, z") = (m) (5 (m) -, (m) (4.16)
_on (Z 12y )
|:(C) (Z(m) Z(m)) ZkQC(m) k ( ) b(m)
k Q
_|:2(/S) (Z(m) Z(m))+2 b(m) k ( ) C(m)
where
k, =diag(L,2,---,N),
k, =diag(L,2%,++,N?),
(c) _ (c) (c) (s)
I:1/m (Flllm’ I:121m' I:1N/m) ’
(s) _ (s) (s) (s)
Fl/m = (Flllm’ F12/m""’ FlN/m) ) (4-17)
(c) (c) (c) (€) \T
FZ/m (F21/m'F22/m’ '-FzN/m) |
(S) (s) (S) (s) T
2/m (F21/m’ 22/m? "’FzN/m)
forN=12,---,0
Setting
_ T
y® =@ z") and £ = (27,9, (4.18)

Thus, equation (4.12) becomes
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y™ =" (y™). (4.19)
The steady-state solutions for periodic motion can be obtained by setting y™ =0, i.e.,
F1$Jm) (Z(m) ,0)=0
F(©) (7(m) Kk Q 2py(m) _
—Fn(2™,0) + Z(H) 1 =0

S m Q m
~Fin (@' ),0)+k2(5)20§ =0
(4.20)

F’(z™,00=0
CFO @™ 0) 4k, (B2t =0
2/m ' 2 m 2
S m Q m
@ 0+, (Y e =0
The (4N +2) nonlinear equations in Eq.(4.20) are solved by the Newton-Raphson
method. In Luo [2012], the linearized equation at y™* = (z™*,0)" is

Ay(m) — Df(m) (y*(m))Ay(m) (421)

where

Df(m) (y*(m)) — af(m) (y(m))/ay(m)

Y (4.22)

The corresponding eigenvalues are determined by

(m) fy,*(m) —
|Df (Y™™) = Ay onsapaeniy | = 0. (4.23)
where
Df(v™*) = 02(2N+1)><2(2N+1) |2(2N+1)><2(2N+1)
2(2N+1)x2(2N+1) 2(2N+1)x2(2N+1)
and
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G= Zg;:) _(G(lO) G(lc) G(ls) G(ZO) G(ZC) G(ZS)) (4,25)
Z

G™ =(Gy”,G" -+ G,
G® = (G ,G,...,GINT, (4.26)
G@® — (Giis) 1 G(Zis) . Ggs))T

for i=12; andN =1,2,---00 with

(ic) __ (ic) (ic) (ic)
Gk _(Gko ’le '’ ’Gk(4N+1))!

(4.27)
(is) __ (is) (is) (is)
Gk - (GkO 'le v 'Gk(4N+1))
for k=1,2,---N. The corresponding components are
af 3 af 5 af 6 af 9 af 10 af 12
G(lo) — 0y — Oy (O ——+ s ——+ s ——+ o, ——+a, ——+a, p 1
20 Ay Ay 20 20 Ay
(10)
Sk
3 5 6 9 10
(Ic) _ 2 2 2 2 (1c)
Gy =0yl +0‘5 +ag +a, +a, ta 125 ) Oir
20 Ay Ay 20 20 20
3 5 6 9 10
GSS) —Opna (s +a; S+ 2] S+ Qy S+ A t+a, ) Oyr o
20 Ay Ay o 20 Ay 8&20
(4.28)
6f3 af5 6f6 6f9 aflO f12
(20) __ r
G _52N +1 (ﬂa P + ﬁs + ﬂe :Bg + ﬁlo P + ﬂlZ o + 1813
Ay 20 20 azo 20 20
20
+f5)— g
3 af 5 f 9 af 10 (3f 12
(2¢) _ r (2c)
G kr -0, N+1(ﬂ3 6 ﬂe P ,Bg P ﬂlo P ﬂlZ P ) Oir
Ay Ay Ay azo Ay Ay

AP A AP AP A
G(Zs) s 3 3 4 3 (25)
kr 2N+1 (ﬂa P a, ﬂs P a, ﬂe P Ay 139 P a, ﬁlo P a, ﬂlz P a,, ) Oir

where for r=0,1---,4N +1.

The derivative of the constant term for the transverse motion is
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(10) _

Or

(10)

- grl

(10)

+95” +9%” +9%”, (4.29)

with

2 4 5 8 9
g4? = Z5r n( 26f 4af—1+a5 o +ay o, +a, o,
aQ, aQ, Q, AQ, Q,

of 2 of* of° of? of’
(10) _ + 1 + 1 1 +a
grz z n+N (aZ oP oP aP

n n

+ay, _1)

6f1 8f 2 of of 4 of °
) _ r 1 1 1 1
Or3 z5n+2N+1( G, (o + oy +a, + o

oc . acn oC, oC, oC, (4.30)
é’fl6 6f13 6f15 (ﬁfl6 of, ° of; 10 '
+o, ——)+ + o + o +a, + oy,
oC, ob,, ob,, ob,, ob,, abZn
af112
+a,, ——
12 abzn)
B, af ! af 2 of 3 of ¢ of °
9% = z +3N+l( ( 1 1n T aBln +a, aén T 6Bln
6 3 5 6 9 10
+a, o, )+, afl + afl +a o, +a oty +ay, oty
aBn 2n C2n C2n 2n aCZn
af112
+a
12 GCZn)
The derivative related to the cosine term for the transverse motion is
Ou” =0 + 07 +0us + 05 (4.31)

with
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. of 6f ¢ of > of) 6f ’
Oy = 25( n( a, +a, -+ a

aQ aQ aQ, @Q aQ

81: 10

Oy 8(3 )+5 (s — (kQ)1)

g O, oty oy o
(1e) _ z + + +
Juez = 2, Onen ( aP “op T %w T aP

6f210
° p —Z) + 5, kQfay, + a,])

n

oy off oy o o

N
1
glgrg) = z5nr+2N+1( n( o

+ a, +a, + o +
Cn acn oC, oC, oC,
af 6 af s of > of 8 of 2 of 0 of 2 (4.32)
V) ta, =ttty =+, ——
8C 8b2n ob,, ob,, ob,, ob,, ob,,
f 13
+a
. ab2n )
c B, af ! of 2 of 3 oft of >
9&4) z n+3N+1( c. (a 1 8an + 6an ta, aan RS 8an +
6 3 5 6 7 9 10
a af ) +a, oAy A 6f2 +a68f_2+a78f_2+%8f_2+a108f_2
oB, 602n oc,, oc,, oc,, oc,, oc,,
12
+ay, =+
12 aczn)
The derivative related to the sine term for the transverse motion is
Ou” =0 + 05y + 95y + 94 (4.33)
with
S of, 2 ofd of> of 8 of, . of, 10
915:1) 25(ab1n(2 o+ 8 >+ 9 )

Tha, T, T e, T aq, Mg,
+5k [_(all + a14)(kQ)])
6f2 8f4 6f5 6f8 6f9 af“’
(1s) _
Qw2 = Z +N( 8P 8P T aF’ T 6P T 6P 6P )
5" [ats — (kﬂ) )
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of
(Is) _ n 3 3
Ows = Z +2N+1( ( tq, oC T

Lo T O PO SR PO
aC, 3

ale
A, on, )

+a,

(4.34)

as) — B, > ta +a;, = +a
Okra = Z +3N+1( (e 2B 358 “ 3B

The derivative relatives to the constant for the torsional motion are

(20) _

977 =05" +95” + 953 + 05 (4.35)

with

o Q, 6f2 A & ofe
0 = 3.0 S (5, S P BT A

af 10
ﬂm )

of} of! of  of’ 6f °
(20) _ 2 Lo+ L+
9r2 Y (,32 P +p, P Ps P Ps P ,39

/5’10 o ) (4.36)

ggm z +2N+1(a
3 afS afﬁ af9 aflO

R e

2n 2n

off ooff L of® o ooft o of
“(ﬂl +ﬂ2 +ﬂ3 Pige P

n

2

af 12
+ﬂ12 )
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B, of; ! 8f 2 of; 3 8f 4 of; >
gIEéZIO) Z +3N+1( (ﬁl ﬂ3 ﬂ4 ﬂ5
f 6f f flo
+ﬁ6 1 )"‘ ﬂs ﬂs ﬂs :Bg ﬂlO o
C,n Con C,n Can 2n
f12
1812 )

The derivative related to the cosine term for the torsional motion is

(2c) _ ~(20) (2c) (2c) (2c)
gkr gkrl + gkr2 + gkr3 +gkr4 (437)

where

N af2 of. of> of 8 of°
(2¢) _ S n 2 2 4 2 4 2
o Z bl (ﬂz + B, o) B 0, By 0, 2 0

of,°
B 5 )

. of 2 af4 8f5 81‘8 8f9
Oz = Z +N( (ﬁz ﬂ4 ,55 ﬁs ﬂg

oP,
8f210
+ﬁ10 ) +6, B) (4.38)
i r C. . of} af2 ofF ot ofp
gIEI?S) z§n+2N+1( ( a ﬂz ﬂS ﬂ4 ﬁs
of ¢ af . & af S & fl°
+
fos )t Pt Bt B ﬂgazn o

of,? of > of°

— 54(kQ)?
ﬁlZ b2n ﬂ13 6b2n ﬂlS b2n n( ) )

. B, of} 8f2 of 2 af of 2
Oirs = Z +3N+1( (ﬂl ﬁz ﬁs ﬂ4 ﬂs

2n n

of of} of, 8f of,) 8f1°

+fs = ) B +p + 5 + 5 +p
6 3 2n 5 2n ’ 8 2n ’ a 2n . aCZn
ale af 14
ﬁlz C ﬁlz a )

2n

The derivative related to the sine term for the torsional motion is
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O~ =0’ +Gics + 9 + G (4.39)
where
of, 2 of, ¢ of, > of of 2
(2s) _ 5 n + s 4 3
O1 = z ( ob,, (ﬁz + 5, Q. Bs . + [y Q. By Q,
aflO
+1310 5 ) 5 ﬂnkQ)
. of 2 af AR AR af 9
gl&fz) Z n+N (ﬂz ap ap ﬂs a;n +ﬂ8 8P ﬂg
aflO
+1310 ) (4.40)
. i of ! of 2 of 2 of of s
glgf3) 25n+2N+1( ac 182 ﬂS ﬂ4 ﬂS
2n n n
of of} ofy 6f6 ot/ of;
+:B6 : )+ 133 185 + B + 5 +
2n 2n a 2n a 2n a 2n

af 10 af 12 af 14
ﬁlO b2n ﬂlZ b2n ﬁ14 b2n
. of af S SR SR A
g|£r24) z +3N+1( C a ﬂz ﬂS ﬂ4 ﬂE
2n n

afﬁ 5 afﬁ 6.':9 aflO
e ﬂgazn ﬂmaczn

2n 2n
af 12 af 13 8f 15
B P + ﬁ13 P 1815 - 5: (kQ)*)
2n 2n 2n
The H-matrix is
ag(m 10) 1g@c) y@s) 1g(20) 1q(20) 1y(2s)
H= =(H® H® H HE @) )T (4.41)

oz (m)

where
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HO = (HE, HE® o HEL),
H™ = (H{, Hg°>,.-- H) (4.42)
(w) (}4(&) (w) gs))T

fori=1,2 and N=12,---00, with

I = (H H o )
_ (4.43)
HE = (HE HE - HE )

for k=1,2,---N. The corresponding components are

2 4 5 8 9 10
H(lo) 5 (a, i t+a, af.l + afl + a]fl afl af.l
0ay, 0ay, 0ay, 0dy, 0dy, 0ay,

oft of 2 of 3 of 4 of ®
r 1 1 1 1 1
toy o) = Ol ———+a, —+a;——+ao,——+a a
20 20 Ay Ay Ay
6
‘o, ——+a,) -2,
20

2 4 5 8 9 10
HLE:C) _5 (a, x, +a, x, + o ai.:z + afz + x, to x, )
0dy, 0dy, 0dy, 08y, 0dy, aalo (4.44)
1 2 3 4 5 6
52rN+1(a1 x, +q, 61.:2 + a]fz ta, afz + 61.:2 + & x,
oy 20 20 20 20 0y,

9
+a, af_z)_zgq’
20
2 £ 4 5 8 9 10
HIE:S) _5( 2af +a, 6.3 + o alf3 + 0y af.s + af3 "'Olloaf.3 )
0 0dy, 0dy, 0y, 0dy, 0dy,

of; of? of of.! of> of ?
52rN+1 (al +q, .3 +a, .3 +a, .3 +a; .3 +a, .3 )
oa
20 aZO aZO a'20 a20 20

(1s)
__zzkr !
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; of; af“ af fg 6f 10
Hr(ZO) :_50 (:Bz 2 ) /34 a'l ﬂs a'l +ﬂ8 a'l ﬂg 0 ﬁ10 0
afl of; 2 of, 3 af“ 6f5
‘o) = Oy (B + +p +p +8
11 2N+1 1 aazo 2 aazo 3 20 4 aazo 5 azo
o’ 7@
+p 5 + 5+ Pu) -2,
20
. af 2 af 4 5 8f 8 a 9 6f 10
HE =-6,(B, =%+ B, +ﬂ5 x, +ﬁs +ﬂg ﬁm )
0dy, 0dy, ajo (4.45)
af 1 2 6f 3 4 6f 5 6f 6
~Oona (B + ﬂ + ﬂ + + 5
2 1 aZO 2 20 3 20 4 20 5 a20 ° aa‘ZO
of, ¢
+fy =) - Z{F?,
6 20
s 2 af 4 f af 10
Hlfrz ) = _5 (:Bz 81 ﬂ4 a1 ﬂs a1 ﬁs a1 ﬂg a1 ﬁ10 )
8f1 of, 2 6f3 4 6f5 af6
-0, +
2 (ﬂl aa"20 ﬂz aa‘20 ﬂ3 20 ﬁ4 aa"20 ﬂs 20 ﬂe aaZO)
-z
for r=0,1,---,4N+1.
The derivative of the constant term for the transverse motion is
200 =789 4 709 + 289 4 29, (4.46)
with
260 _ Z P g O A O
abln aP oP, oP, oP,
9 10
T i + 5f_1)
aPn oP,
) . s . (4.47)
Z(lo’ Z ) Q, (@, of; afl ra of, af
2 "t ee, 8Q 6Qn °aQ, 6Q
6f 9 af 10
tog —— + oy ——)
aQ, o0Q,
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N 0B of; ! of 2 of 3 of?
Z(lO) — é*f n + 1 + 1 1
r3 nZ; n+2N+1 ab (o 2B, a, oB, a; OB, OB
of, > of, 6
+ + oy
%28 "% op )
. n 8f 1 af 2 af 3 af 4
2 = 25"*3““ e, e e T i,
5 6
+a oA + 0, 6f1 )
oC oC

The derivative of the constant term for the torsional motion is

(20) __ - (20) (20) (20) (20)
Zr _Zrl +Zr2 +Zr3 +Zr4 ’

(4.48)

(4.49)

with
N afZ 8f4 afS afB
Z(ZO) 1y
=2 abm B S B A B
8f9 of!°
b ot o i)
6f2 of,* of° of?
Z(ZO) n 1 1y 1
r2 Z n+N (ﬂz aQ ﬂ4 aQ, ﬁs OQ, ﬂs a i
8f9 aflO
+ﬂ9ﬁ+ﬁ10 2Q, —)
; of} 81‘2 of?
2532‘0) 25n+2N+1 n (ﬂl :Bz 133 ﬂ4
afS af6
+ﬂ5 ﬂe _)
r c,  _ off of 2 of 2
26 =3 B § oo B+ hgghrod At
of” 6f6
ﬂs /36 )

The derivative of the cosine term for the transverse motion is

(Ic) _ - (1c) (1c) (1c) (1c)
Zkr _Zkrl +Zkr2 +Zkr3 +Zkr4

with

(4.50)
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N 2 4 5 8 9
209 = Y 01(S (o S v S v s T S v O
SN, P oP toP, Cop, *oP. °oP
of 10
oP,

Ty, o L, +a,])

off ofr off  ofr off

Z8 = “a 2 ta +a +a +a
kr2 z +N( 1n ( 2 aQn 4 6Qn 5 aQn 8 aQn 9 6Qn
of 10
+ay, an —2.)-5%2kQ) (4.51)
c B, Gf ! of 2 of 3 of} of 2
Zlgs) Z +2N+1(a (a 1 aBz +a 682 +a, 682 T 05 aan

n n n

24 i) - 5:057)

6f1 8f g of } of! of>
Z(lC): 5r n 2+a 2+a 2+a 2
kr4 ; n+3N+1 5 ( o ac. 8Cn 3 ac. 4 oc, 5 oc.
of
+,
s )

n

The derivative of the cosine term for the torsional motion is
207 =20 + 29 + 20 + 242 @52)
with

. N 6f2 of}! of > afs 61‘9
Zlfrzl) :Z ( b1 (ﬂz aP 184 ﬁFin +ﬂ5 5F§n +ﬂ8 8P ,Bg

n=1
6f 10
+ﬂ10 ) S0 o Bir)
. n af 2 af 4 af 5 af 8 af 9
Z5 = Z B> ’ﬂz +ﬂ4 +ﬂ5 +ﬂa +ﬂg 20
af N 1n n (4.53)
+ﬂ10 )

. ) n 6f1 6f2 61:3 af4 afS
Zgs = Z5n+2N+1( (/31 thg thg thig A

I’l

+ﬂe 5?2) - 5: [:B7 + ﬂm])
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¢ of,) of? of} af“
Zl£|'24) Z +3N+1( 182 ﬁ3 + 184
C2n a n
ofy N K
—) -9, [2kQ
Ps>e C. + s acn) n [2k€Q])

The derivative of the sine term for the transverse motion is
(1s) _ - (1) (1s) (1s) (1s)
Zkr - Zkr1 + Zkr2 + Zkr3 + Zkr4 (454)

with

N 2 4 5 8 9
Zéii’=25£( P, O g O o oo
ob,  oP, ‘oP, “oP, “oP 0P,

10
oy, 3—3) + 0K 2kQ)

2 4 5 8 9
ZIE:;) Z +N( i ( Q, o, +a, o, + o, + O o, + oy o,
oQ, oQ, oQ, oQ, oQ,

10
+ay, ﬁ) - 5: [a; +a,])

(4.55)
N of, ! of 2 of 32 ofd of >
Z(lS): 5r n 3+a 3+a 3+a 3
kr3 ; n+2N+1 a » ( 1 a 2 aBn 3 8Bn 4 aBn 5 aBn
6
‘o, ——
')
oC 8f1 6f2 6f3 ofd of>
Z%) = n +a +a, ——+a —2
kra Z +3N+1(a ( a, 6Cn GC 8C 4 6Cn 5 6Cn
) Yary)
The derivative of the sine term for the torsional motion is
200 =2 + 200 + 2 + 2 (450

with
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g af? 61‘4 of s 6f8 aff’
ZE =6, (ﬁz ﬂs ﬂs ﬁ’g

n=1

of,°
ﬂm )

of; of) ofy of} of;
z%) = E , i + O, =+ =+ =+ =
2 +N( ( 20Q, "'eQ, "CoQ, CoQ, TUaq,

6f 10
ﬁm ) Sy Bir) (4.57)

. n&fl 8f2 of 2 af4 of s
25 = Z +ZNH( (ﬂl ﬁz 183 ﬁ4 ﬁs,

+ —3 +652kQ
ﬂG aBn) n )

N

(2s) _ r
Zkr4 - z(5n+3N+l a
n=1

8f6

of; off  oofy o of) o of)
) (ﬂ1 thoe b vl A

n n

) S8, + Bua))
From Luo [2012], the eigenvalues of Df™ (y*™) are classified as

(nl’n2’n3 |n4’n5’n6) (458)

The corresponding boundary between the stable and unstable solutions is given by the
saddle-node bifurcation and Hopf bifurcation.
4.2 Frequency-Amplitude Characteristics

The curves of harmonic amplitude varying with excitation frequency Q are illustrated.

The corresponding solution in Eq.(4.7) can be re-written as

v (t)= ai(o )+ z Anykim COS(E Qt — Qy/m)s
“ (4.59)

K m N k
o ()= aéo) + Z A(Z)k/m COS(E Qt- ¢(2)k/m)’
k=1

where the harmonic amplitude and phase are defined by
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A(i)k/m = \/bik/m +Cii/m v Diykim = arCtan(Cik/m /blk/m) (4.60)

The system parameters are

¢, =0.0037, ¢, = 0.0046, 77, =0.000922, 77, = 0.0062
a, = 2.341, a, =14.366, b, = 0.496, b, =1.265 (4.61)
U =6.77, p =1.255,

Where,

w, =k, /M, w, =k, /1,¢, =c, /29w,

(4.62)
&, =c,12Ww,,n, = pd® 1290, 1, = pd* /2

The acronym “SN” represents the saddle-node bifurcation. The acronym “HB” represents
the Hopf bifurcation (supercritical). Solid and dashed curves represent stable and unstable
period-1 motions, respectively. From the above the parameters, the frequency-amplitude curves
of symmetric period-1 motion in both transverse and torsional directions are presented in Figures

4.1 and 4.2 that are based on 13 harmonic terms. The even number harmonic terms A;, =0
(i=1,2k=2,4...12). To consider periodic excitation amplitude effects on period-1 motion, the

excitation amplitudes Q,=0.3,1.0,5.0,10.0 are selected. ForQ,=0.3,1.0, there exists only one

short range of stable period-1 motion, and the stable period-1 motions become quasi-periodic or

chaos at the Hopf bifurcation (HB) Q =~ 42.4288, 42.6688 respectively. The jumping
phenomena can be observed at the saddle node bifurcations (SN) Q=~41.9876, 41.6823 with
excitation amplitude at Q,=0.3,1.0 respectively. As the amplitude of periodic excitation

increases, the frequency range of the initial stable branch is expanding. Meanwhile another stable
period-1 branch emerges in the relative low frequency area caused by switch of unstable saddle
node bifurcation (USN) to stable saddle node bifurcation (SN). Another Hopf bifurcation appears

on the left side of the newly existing stable period-1 branch at which the stable period-1 motion
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becomes quasi-period motions or chaos.

In Figures 4.1 and 4.2, scale types of the ordinates for harmonic amplitude A, (i=1,2
k=13) and A;, (i=12k=5,7,9,13) are linear and logarithmic respectively. For the
harmonic amplitudes A, (i =1,2), the bifurcation scenario can be seen clearly for excitation
amplitudes Q;=10.0,5.0. In most frequency range, the magnitude of A, (i=1,2) for
Q,=10.0 are greater than Q,=5.0. A zoomed window is provided for the lower excitation
amplitude of Q, =1.0,0.3. For A, (i=1,2), the quantity level is dropping with the decrease of
excitation amplitude Q,. A zoomed window is also provided for the stable range atQ,=0.3. The
quantity level of the first harmonic terms A, (i=1,2) for both directions are much great than
the third harmonic terms A, (i=12) when Q, is the same. For harmonic amplitudes
A (1=12 k=57..13), the quantity level is plunging as the excitation amplitude
decreases. Bifurcation branches for different Q, can all be clearly observed. In addition, the
pattern of how the harmonic amplitudes vary with changing Q, is very similar for different
amplitudes A, (i=1,2k =5,7...13) . For last harmonic amplitudes A, (i =1,2), for different

excitation amplitudes, they have been controlled under 10 and10™. So the solutions for
such a linear cable system are very accurate. Furthermore, the exact frequency value of the

galloping vibration can be obtained if the excitation amplitude is kept decreasing.
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Figure 4.1: Frequency-amplitude responses of period-1 transverse motions for linear cable based
on 13 harmonic terms (HB13): (i) - (vii) Ay, — Ay (&, =0.0037, £, =0.0046, 17, = 0.000922,

1, =0.0062, a, = 2.341, a, =14.366, b, =0.496, b, =1.265,U =6.77, p=1.255,d =33x10°°,
Q,=0.3,1.0,5.0,10.0,)
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Figure 4.2: Frequency-amplitude responses of period-1 torsional motions for linear cable based
on 13 harmonic terms (HB13): (i) - (vii) A, — A, (&, =0.0037, £, =0.0046, 7, = 0.000922,
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4.3 Numerical Simulations

In comparison to periodic motion achieved by analytical solutions, numerical simulations
for stable transverse and torsional motions under different excitation frequency are illustrated.
The initial conditions for numerical simulations are computed from the approximate analytical
solutions with 13 harmonic terms (HB13). Solid curves are used to represent the numerical
results and the red circular symbols are analytical solutions. The initial condition is presented
with green solid circle. The trajectory and harmonic amplitudes spectrum of stable symmetric

period-1 motion will be presented in Figure 4.3 for 2=42.0,Q, =10.0 with initial conditions
(X, ~-0.13965 x,~2.89784, Xx,, =0.11358, X,, ~6.13986). For over 200 periods, the

analytical and numerical solutions match very well. The values of harmonic amplitudes for A, ,

when k is even number, are all zeros. The twenty seventh harmonic term ( Ayys, Az ~107°). In

Figure 4.4, stable symmetrical period-1 motions in both directions at same frequency ©Q=12.0

but different excitation amplitude Q, =5.0 are presented. The 13 harmonic terms (HB13) are
used. The initial conditions for both motions are ( x,, =-0.06990, X, ~1.38305) and

(X ~-0.11035 X, ~-6.03975). The last harmonic term has A5, Ay, ~107° . The stable
symmetric period-1 motions at about the same frequency Q=42.0 under the smaller excitation

amplitude of Q,=1.0,0.3 in Figure 4.5 are also computed with 13 harmonic terms (HB13) for

both plunge and torsional motions. The initial conditions for motions in both directions are

(X%, =-0.01481, x,~0.11298) and (x,, =~-0.23756, xu20 ~-12.82371) under Q, =1.0. Forthe
smaller Q, =0.3, the initial conditions for both transverse and torsional motions are

(X, =-6.47062e-3 X,~0.037446) and (X,, =-0.43224, )@0 ~1.84272). In order to better
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observe how the amplitude of periodic excitation affects the trajectories of both transverse and
torsional motions, in Figure 4.6 the trajectories for different excitation amplitudes in each
direction are all plotted together. The stable cycle in the plunge direction is shrinking as the
amplitude of the periodic excitation decreases. In contrast, the orbit of the torsional motion is
expanding with the decrease of excitation amplitude. Based on such phenomena, it can be
postulated that the torsional motion dominates the transverse motion for the galloping vibration

of such a two degree of freedom oscillator.
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Figure 4.3: Stable period-1 motion (Q=42.0, HB13). The transverse motion with initial
condition (x,, =-0.13965 X, ~2.89784,): (i) trajectory and (ii) amplitude. The torsional motion
with initial condition ( x,, =0.11358, X,, ~6.13986 ): (iii) trajectory and (iv) amplitude.

(Q, =10.0).
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Figure 4.4: Stable period-1 motion (Q2=42.0, HB13). The transverse motion with initial
condition ( x,, =-0.06990, %, ~1.38305): (i) trajectory and (ii) amplitude. The torsional motion
with initial condition ( x,, ~-0.11035, X,, ~-6.03975): (iii) trajectory and (iv) amplitude.

(Q,=5.0).
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Figure 4.5: Stable period-1 (€2=42.0,HB13). The transverse and torsional motions motion with
initial condition ( x,, =-0.01481, x,~0.11298), ( x,, ~-0.23756, xu20 ~-12.82371): (i) The
transverse motion (ii) The torsional motion. (Q, =1.0) The transverse motion and torsional
motion with initial condition ( x,, ~-6.47062e-3 X,, = 0.037446), ( X,, ~-0.43224, )@0 ~1.84272).
(iii) The transverse motion and (iv) The torsional motion. (Q, =0.3)
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Figure 4.6: Stable period-1 motion (Q=42.0) under different excitation amplitude Q, =0.3,
1.0, 5.0,10.0, (i) The transverse motions and (ii) The torsional motions.
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CHAPTER 5

ANALYTICAL SOLUTIONS FOR NONLINEAR CABLE

In this chapter, the periodic motion of a nonlinear cable structure with cubic nonlinear
springs in both transverse and torsional directions are studied by using generalized harmonic
balance method. The analytical bifurcation trees from period-m motions to chaos are obtained.
The corresponding stability and bifurcation of the periodic motions are determined through the
eigenvalue analysis. For a better understanding of complex period-m motions in such a two
degree-of freedom cable system, numerical simulations of different periodic motions are
illustrated. The harmonic amplitude spectra show the harmonic effects on periodic motions, and

the corresponding accuracy of approximate analytical solutions can be observed.

5.1 Analytical Solutions
Consider a nonlinear cable structure with the same aerodynamics load and external load:

MV (t) +c V() +k V() +k V() =F +F,

. : , (5.1)
16(t) +c,0(t) +k,0(t) +k,0°(t) = F,

Where k'y coefficient of the transverse is nonlinear spring stiffness and k, is the

coefficient of the torsional nonlinear spring stiffness. The aerodynamics load can be represented
as

1 A . . i
F, =5 AU d[-a,(0-RO/U - §/U) +a,(0~ROIU -y /)]
3 :%puzdz[—bl(é’—Rlé/U ~y/U)+b,(6-RO/U -y IU)]  (5.2)

F, =Q, cosQt

The standard form of Eq. (5.1) can be written as
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K+F(x, %) =0 (5.3)

Where,
X=(v,0)", x=V,0)",f=(f,f,) (5.4)
f, = 0,60° + a,0V + a,00° + o,V + a0V + 0 ,6°0 + o, 0 + o V°
+ gV + a0V + o N+ a,0° + a0 + ay N+ gV + ag Ve +Q cosQt 55)
f, = B6° + B,ON + B,06% + BN + BON + B,0°0 + B,0+ BV '
+ ﬂ99\72 + ﬁm@z\? + v+ ﬂlzes + 0+ ﬁué + 150+ ﬂme3

And
3 2 2
o= pdR"a, o,= 3pdR“a, o= 3pdR“a, = 3pdRa, o= 6dRa, |
UM UM 29 UM 2
_3pdRUa, _ pdRUa, _ pda, _ 3pda, _3pdUa,
6= nan  ET T 1 Og= 1 0= — 1 Oy = ’
2M 29 2UuMm 29 29
dUa pdU%a dU’a c K
0= pzml » Q= — oM >, 0= pZSDT o a14:%y’ 5= 9_)yt'
"
= —,
m (5.6)
de 3de 3pd’R%b 3de
= QO  B= P : p,= ,0 : » = — AN ] » By= e
21 2UI
B 6,0d Rb, _ _ Spd RUb3 _ pd?RUb pd?b,
b TR TR 2 BT
3 d b. 3pd?Ub d2U d’U?b
,Bgz ,0 — 1310 P — ﬂn_ - P bl 1312 u1
21 21
dZU k
Ry L1
21 I I
The analytical solution of period-m motion for the above equations are
% (m) N th
V' (t) = ay (t)+zblk/m t) COS(_)+Clk/m (t)sm(—)
(5.7)

0 (t) = a<m><t>+2b2k,m(t)cos< ) G ®)s m(@)

Then the first and second order derivatives of v'(t) and &°(t) are
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(0 =8+ 6 )OS )+ (6 (D),

= a’l(g]) + Z Pem COS(_t) +Qu/m Sin(_t)’
kQ kQ

9 (t) a(m) + Z (bzk/m 2k/m) COS(_t) + (Czk/m - FbZk/m)Sin(Ft);
=a{l +ZBK,m cos( t)+Ck,m sm( ) 58)
- ..(m -- kQ . kQ
V() = a1(o) + Z[blk/m + 2_Clk/m - (_)zblk/m]cos(_t)
k=1
.. . kQ
+[Chym — blk/m ) Clk/m]SIn( t),
I kQ . kQ., kQ
0 (t) a( ) + Z[bZk/m + 2_C:Zk/m _(_) 2k/m]COS(_t)
k=1 m m
.. kQ - kQ., kQ
+[Com — ZFbZk/m (— ) Czk/m]SIn(_t)
where
B|/m = l:.)lem + iglc:Zl/m /m C = CZi/m _inZi/m /m (59)
Pi/m = bll/m + IQClI/m /'m, Ql/m = Cyifm — in1i/m /'m
Define

a;” = (g a,")",

b™ = (blllm’b12/m!""blN/m’bZl/m’bZZIm"”7b2N/m)T

(m) _ T
= (C11/mlc12/m'”'fC1N/m'C21/m’C22/m""!C2N/m)

=(c!™;ci™).

Substitution of Egs.(5.8), (5.9) into Eq.(5.3) and averaging for the harmonic terms

of cos(kQt /m)andsin(kQt/m) (k=0,1,2,...) gives
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(m) +|:(m)(a(m) b(m) C(m) a(m) b(m) C(m)) 0

.. kQ kQ
2 (c) (m) |Ry(m) A~(m) s(m) |{y(m) A(m)
By +2 m Cum — )blk/m+F1kC/m(am b™,c"™, a;", bm ,Cp) =0,

] (s) (m) (M A~(m) s(m) KM My _N-
1k/m blk/m ) C1k/m + I:lkS/m (aom ’b " ’C " ’aOm ’bOm ’COm )_ 0’
511
'a:(m) _l_F(m)(a(m) b(m) C(m) a(m) b(m) C(m))=0 ( )
20 20 \Yg s ' g 5007, Cy )
6 2k Q¢ kQ 2b (c) (m) b(m) (m) 4(m) b(m) A(m)y _
hkim + chk/m_(ﬁ) 2k/m+F2k/m(a0 J €78 7, 0g 7, G )—01
2ka kQ 2 F(S) (m) b(m) (m) 4(m) b(m) A(m) =0
Cokrm 2k/m (F) Corrm + Fam (@0 ¢85, by, ¢") =0.
Where
o * . 1 mT * e *
FM (al™ b™ ™ am pm am) - - L (X ™ 1yt
m
. . . 2 emT . (e kO
RO @",b™,c™, af b, e5m) = —= [ f,(x™", X", t) cos(—t)dt
mT Jo m
. . . 2 pmT . (e . kQ
Flff,)m(agm),b(’“’,c(m),agm),bg”‘),cg”") :—j fl(X(m) X ,t)sin(—t)dt
mlT 0 m (5.12)
. mT
Fzgm(agm),b<m>,c<m>,agm>,bgm),cgm>):_T [ £ %™yt
m
. - . 2 nt . o (m)e kQ
FA (@57, b™,c™,al™, b™ ¢fm) = = [ £,(x™,X™",t) cos(——~ )t
mT Jo m
. . . 2 pmT . (e . kQ
Fon @™, b™ c™ af™ bim, ¢i™) :—j f,(x™, %™ t)sin(—t)dt
mT 70 m
(m) (q(m) RK(M) A~(m) A(m) [{(m) ~(m) S i 14 15 16
m m m m =(m m A(m 1
Fo (@, b™,c™,a",by", ¢y ):Zaifl +ay, fy +asfy +af
i=1
(c) (m) (M) A(m) a(m) |{(m) a(m) N 6 6
c m m m) A(m m) a(m i 14 15 1 1
Faom (@, 0™, ™, a5, by, € ):Zai f,+a,fy +afy) +Qf° +a,f,
i-1
(5) (m) R(m) A(m) A(m) RK(m) a(m) i 14 15 16
Fum(@ ", 0™, ™, &g b o) = Za fo +a,fy +afy +afy
= (5.13)

13
(M) (q(m) (M) ~(M) A(m) K{(m) a(m)y _ i 14 15 16
on (ao 0™, c 8y bo +Co ) - Zﬂu fl + 1314 f12 + ﬂls flz + 1516 f12

i=1

13
(c) (m) |(m) A(m) A(m) |{(m) A(m)y _ i 14 15 16
FZk/m (ao o™, c 1y s bo 1Co )= Zﬂ fz + ﬂ14 fzz + ﬂ15 fzz + ,316 fzz

i=1

13
() (q(mM KM ~(m) A(m) KM ~(M)y _ i 14 15 16
FZk/m (ao o™, c 8y bo +Co ) - Zﬂ. fs + ﬂ14 f32 + ﬂls f32 + 1816 fsz

i=1
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Define
(m) _ (m) . ~(m) T
Z bqu’ : blN/m’CHJm’”‘ Cinyms Bz 'b21/m'"”sz/m1C21/m1""C2N/m)
— (m) (m) (m) (m) (m) (
=(21 12y Y ZoNs1r Lonsar Longg "t Z4N+2) (5 14)
(m) A 5(m) _ (m) 3 5 L 4(m) R ] A 5 T ’
Z, =1 bl:lJm’ : blN/m’Cl:lJm"” Cinymy S 'b21/m'”"bZN/m’c21/m""’C2N/m)
— (5(m) (m) (m) . 5(m) (m) (m
=(21 vzz ZZ,“ 22N+2'22N+3’ Z4N+2)
Equations (5.11) can be rewritten as
2™ =z and z™ =g™(z™,z™) (5.15)
where
(m) (5(m) (m)
_F10 (Z 12y )
k,Q . Q
FR (27, 27) - 276" 1k, ()b
m m
k,Q Q
R, 27) #2725 1k, ()l
g™ (@™, z") = (m) (5 (m) -, (m) (516)
_on (Z 12y )
|:(C) (Z(m) Z(m)) ZkQC(m) k ( ) b(m)
k Q
_|:2(/S) (Z(m) Z(m))+2 b(m) k ( ) C(m)
where
k, =diag(L,2,---,N),
k, =diag(L,2%,++,N?),
(c) _ (c) (c) (s)
I:1/m (Flllm’ I:121m' I:1N/m) ’
(s) _ (s) (s) (s)
Fl/m = (Flllm’ F12/m""’ FlN/m) ) (5-17)
(c) (c) (c) (€) \T
FZ/m (F21/m'F22/m’ '-FzN/m) |
(S) (s) (S) (s) T
2/m (F21/m’ 22/m? "’FzN/m)
forN=12,---,0
Setting
_ T
y® =@ z") and £ = (27,9, (5.18)

Thus, equation (5.12) becomes
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y(m) — f(m) (y(m))_ (5.19)
The steady-state solutions for periodic motion can be obtained by setting y™ =0, i.e.,
F1$Jm) (Z(m) ,0)=0
F(©) (7(m) Kk Q 2py(m) _
—Fn(2™,0) + Z(H) 1 =0

S m Q m
0k, ()" =0
™ o) g (5.20)
20 (Z ’ )
.0+, (D)D) =0

S m Q m
@0+ k(e <0
The (4N +2) nonlinear equations in Eq.(5.20) are solved by the Newton-Raphson

method. In Luo [2012], the linearized equation at y™* = (z™*,0)" is

Ay(m) — Df(m) (y*(m))Ay(m) (521)

where

DE™ (y" ™) =" (v ™)/ oy ™| . (5.22)
The corresponding eigenvalues are determined by
[DE™ (V™) = Ay peaiann| = O (5.23)
where
oryI| G
and
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G= Zgz:) _(G(lo) G(lc) G(ls) G(20) G(ZC) G(ZS)) (5,25)
Z

G(iO) — (G(io),Gl(iO),"',Gii,\?)l),
(|c) (G(IC),G(ZiC),"',G(’\zc))T, (5.26)
G(IS) — (Gils)1G(2is)’“_,G(’\ils))T

for i=12; andN =1,2,---00 with

(ic) _ (ic) (ic) (ic)
Gk _(Gko ’le 1’ Gk(4N+1))v

' , (5.27)
(is) _ (is) (is) (is)
Gk - (Gko ’le e Gk(4N+1))
for k=1,2,---N. The corresponding components are
af 16 af 3 af 5 af 6 af 9
(10) _ 11 1 1 1 1
G = —(ays + oy P )65 — Opna (g + s + + Oy 2 +
20 20 Ay Ay
6f110 l12
(10)
Qg +ap, +ay3) -0,
20 20
8f 16 8f 3 af 5 8f 6 af 9
GIE:C) = 20y — Oy (oy 2+ oy -ty 2+ oy
6 0 20 20 Ay 0&20
10
(1c)
+ay, 2+ Qy, 2 )= 9 5.28
oa,, oa,, ( )
61: 16 af 3 af 5 af 6 af 9 af 10
GIE:S) = 50y — O a0y =+ oy g+ oy
0 20 Ay Ay 20 0 20
1
+ay, ) gl
oa,,

. af 3 af 5 af 6 af 9 af 10 af 12
G(ZO) _52N+1 (133 + :Bs + :Be + :39 + 1810 + ﬂlZ + 1313

0a,, oa,, 0a,, 0a,, oa,, 0a,,
af1126 (20)
+ﬂ15 + ﬂlfi a ) g
20

. . 6f 3 6f 5 af 6 6f 9 6f 10 af 12
Glﬁr2 ) = = OB =+ B+ B+ P+ P+ P

oa,, oa,, oa,, oa,, oa,, 8a20
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oy g
Bis aZ;) Or”
GE =~} (B, g; R o o - B ?a o
Bis 61;3:2:) O™
where for r=0,1,---,4N +1.
The derivative of the constant term for the transverse motion is
9" =g5” +95” +9%” + 957, (5.29)
with
+ay, Zf—é: + ay %5)
L R N S S
+ay, a_;: + oy %) (5.30)
0 TNNCV S SO B
i) “f: T,
+a,, %)
=B B B L B
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of f of of 2 of f of S of 10
+a )+ o, +a; +a; +a, +ay,
6Bn 2n 2n aCZn acZn 6CZn
af112
+.
12 aCZn)

The derivative related to the cosine term for the transverse motion is
On’) = Ons + 055 +0ns + 04y (5.31)
with

of , o oy

Lo o; , ot
i = 2.6, ( ”(2 + atg

20, "o, "0, T ha, T “ag,
a, ngzlo) + oy 2216 + 5k [os — (kQ)?])

0%y = Z +N( prz ?: to prs e gfps e ?Pg
Qs ?;F{O)+ g ?;lef +6kQ[ay, + )

GG R A

glﬁg) = Z +2N+1(8 (o Cn 8Cn + o oC, +a, ac. + a5 ac. + 532
aff af;* of; of} of) of,° of 2 '
—)+a, o, ———t oy ——— o, ——— o, ——t+a, —
8C ° b, ob,, ob,, ob,, ob,, ob,,
f 13
T3 ob, )

af; 8f23 af; ofy, ot ety o
oy —)+a, +a; +a; +a, ——+a, +ay,
aBn aCZn a 2n aC2n aC2n 6 2n 6C2n
12
T, Py )
C2n

The derivative related to the sine term for the transverse motion is
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O =it + iz + O3 + Gt (5.33)
with
N 2 4 5 8 9 10
ggi) — 25;(6Qn (az afa +a, 8f3 + o afs + afa +a, af f )
b, *oQ, oQ, aQ, aQ, aQ aQ
6f 16
T b311 + 5k[ (e, + a3, )(kQ)])
8f : of, of; of.! of) 6f -
(1s) _ + 3 + 3 + 3 +a
Oz = Z +N( 8P a, P s P Oy P 6P o )
6f 16
T ﬁci + 5: [ons — (kQ)*1) (5.34)
1n
N oy ' af : of;} of.) of;
(1s) _ r n 3 +a S 4o S ta 3
gkr3 z +2N+1(a ( 1 6 ) 8Cn 3 acn 4 acn 5 6Cn
ofy 6f ’ 6f35 ofy of) of; of )
+o, —)+ay——+ a4y, ——+ +a, + 0y + o, ——
oC, ob,, ob,, ob,, ob,, ob,, ob,,
of?
ta, ob, )
of. of of; of.! of;
as) — =ttt ——t o,
s = Z *3“”( ac,, ~(a B, ‘oB, °oB,  ‘oB, B,
6 3 5 6 9 10
+a oy ) +a, oy + T +a oy +a oy +aloaf—3+
° 0B, oc,, oc,, oc,, oc,, oc,,
a af—312+05 o 13)
12 802n 13 6

The derivative relatives to the constant for the torsional motion are

(20) _

9r

20) (2

=987 +9% +gi” + ¥ (5.35)

with
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Q, af2 of! of 8 of 8 of °
g = Z bl (ﬂz + B, 6(3n + s Gén +fy @an + By ﬁén
of 1
ﬁm )
of 2 8f4 af5 8f8 81‘9
955 = Z TN (ﬂz P /34 ﬁs ﬂg ﬂg
af 10
ﬁm ) (5.36)

Y SR LY. LY. LR &
9550) _z +2N+l(a (,Bl ﬂz ﬂs ﬁ4 ﬁs

n n

of 6f3 of 6f6 of af10
+
b’e ) /33 b, ﬂ582n ﬂeazn ﬂg@zn Pro=— o,
aflz aff;
+
ﬂlZ bzn ﬂ16 bzn)

B, ofl 6f2 of 2 af“ 8f5
0 = Z +3N+1( (ﬂl ﬂz ﬁs ﬂ4 ﬁs

n

af s af > af 6 of of
+5 oy ) By —+Ps——+p5 + 5 +p
6 3 2n 5 2n Ga2n 96\Zn lann
8f 12 81: 16
+ﬁ12 1816 a 12 )
2n

The derivative related to the cosine term for the torsional motion is

(2¢) _

(2c) (2c) (2c) (2c)
gkr - gkrl + gkrz + gkr3 + gkr4 (537)
where

. L 0Q, , . off of} of ot afg
Y R e i
1n

aflO

+B5 Qn)
. r off off  afs off 8f9
08 = D00 (o (8, S . S+ B S+ AT 1

+1310 2 )+5 Bi)
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c C, af1 af 2 af3 8f4 6f5
9475 = Z na GBS+ Byt Pt o4 2
2n n n
6f26 of, 3 of, > 6f 6 of, o of, 10
+
) ﬂs b, + fs o, + fs ob,. + fy ob,. + B b2n (5.38)
of,? of > of° oy )
-0 (kQ
ﬁlZ abzn ﬂlS a » ﬂlS a » ﬂ16 ab2n n( ) )
. N B, afl af2 af3 af“ 8f5
gIE|?4) Z n+3N+1( (ﬂl ﬁz ﬁS ﬁ4 :Bs
of.t f f9 8f1°
+hy g )t L AL
2n 2n 2n 2n 2n
afl(i af 12 af 14
ﬂls 2 ﬂlZ ﬂlZ )
2n 2n
The derivative related to the sine term for the torsional motion is
On =0 +0ns +0us + 05 (5.39)
Where
s N Q, af2 af“ af5 6f8 afg
Oy = Z ( 3 (ﬂz ﬂ4 ﬁs ﬂg ﬂg
b,
aflO
+B 5 ) — 5 B KQ)
s af2 6f“ 8f5 8f8 afg
947 = Z (ﬂZ o P R R B
aflO
+ﬂm ) (5.40)
. C, afl 8f2 8f3 6f4 81‘5
Ons = Z +M( (ﬁ’l ﬁz ﬂ3 ﬁ4 ﬂs
81‘36 af3 61‘ > afG of, ! of, .
+ +
b hg b g b by
af 10 af 12 af 14 af 16
1310 2 + ﬁlZ 2 + ﬁl4 . + ﬂlG 2 )

ob,, ob,, ob,,
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. o, af 2 of of}  of?
gl£34) z n+3N+1( n (ﬂl ﬂ3 ﬂ4 ﬂS
6f36 6f 6 ﬁf 9 af 10
) B + ﬂ ﬂ + 5 +

3 Caon ’ 8 Can ° ac Caon ’ ac2n 10 CZn

8f 12 8f 13 f 15 f 16
,312 + ﬂlS ﬂ15 :Bm 5: (kQ)z)
Can Can Con Can
The H-matrix is
H = ag(m (H(lo) HEO {69 @) eo H(zs)) 541

where

HO = (HE, HE o HER),
(|c) (H(IC) (|c)’._', ch))T’ (542)
H(IS) — (HSS)’ H(ZIS),"', Hgs))T

fori=1,2 and N =12, ---00, with

HP = (HP HE o H,),
_ (5.43)
HP = (HE P o i)

for k=1,2,---N. The corresponding components are

2 4 5 8 9 10
HY = -6 (a, 81; +a, af_l +a, afl +a afl +a, afl 8f.1
08, 08y, o8y, 0a,, 08y, 08,

of! of? of 2 of* of°
toy )~ Ol o, oy to, o
oa
20 20 Ay P 20
6
1 (10)
+a +a,)-Z; ",
20
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2 4 5 8 9 10
HSC) ~04 (e, x, +a, afz + x, T x, + 8T2 Qg 8f.2 )
0ay, 0ay, 0ay, 0ay, oay, oay,

o, A O o v o g O

-0, +a +a +a
ZNH( l 20 i .20 ? a"20 ’ a'20 a‘20 ° aa'ZO
9
oy 87, (540
20
2 4 5 8 9 10
HﬁS) _5 (a 2 6f +a, af.s + oy afs + oy afs + e Qy, o, )
0 a 0 a 0 a 0 10 a 10
1 2 3 4 5 6
52rN+1( a, 8f t+a, 8T3 +a, af.g ta, 5f3 + afs + af.B )
20 a20 a‘20 a'20 aZO aa‘20
_ZIEIS),
af2 81‘4 a of 8 6f9 fl°
H (20) — _5I’ 1 +
; o (B, —— 28, + p, o4, + 55 %8, + 5 %8, By %8, /310 :
of; ! of; 2 of; 3 of; 4 of; 5
+ay,) -0, + + +
11) 2N+1(ﬁ1 aazo /32 63.20 ﬁ3 a20 ﬂ4 63.20 ﬂS a20
of,’ (20)
+h,——+ B, + -7,
ﬂG aa.zo ﬁ7 ﬁl4) r
2 af4 a 9 af 10
HE = -6, (ﬂ +5 + 5 ﬂ ﬂ + 5 )
ki 2 31 4 a1 5 8 9 31 10 0 (545)
afl of, f2 6f3 4 8f5 af6
5|’
o (By 24, + 5 5 azo + %8, ﬂ4 p azo + 55 %8, + 5 %,
+ha = : —2)-Z7%9,
20
s 2 af 4 f 9 af 10
HLErZ ) = _5 (ﬂz 31 ﬂ4 ai ﬁs ai ﬁg ai ﬁg 81 ﬂlo )
afl af2 6f3 4 8f5 af6
5(
b gt h g Ao Hhe P )
_ZéZS)
for r=0,1,---,4N +1.
The derivative of the constant term for the transverse motion is
200 =780 +7289 + 720 + 25, (5.46)
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with

2 4 5 8
VAR 25’ (052af +a oy +a, o, + oy

b, * oP, P, P,
af 9 61: 10
+0y —— P alO )
Q, af 2 of ! of° of 8
Z(m) Z N (a, o, ——+a + oty —
o, 8Q . aQ, aQ,
9 of 10
1 1
+a Q. + &y a) (5.47)
. n af 1 2 3 af 4
(10) 25n+2N+1 ab (o 6Bln +a, ln +a 1n +a, aBln
aff’ 6f16
Yoty —+ oy ——
0B, 6Bn
. n 61: 1 af 2 3 af 4
Z(lo) Z5n+3N+1 o, (¢ aén a, 8C1n +ay Cln +a, aén
6f15 6f16
o, ——+
%oc thoc)

The derivative of the constant term for the torsional motion is

700 =720 4 700 4 700 4 7C0 (5.48)
With
N of oft off  off
70 _ L+
rl Z ﬁbln (ﬂZ aP ﬁ4 apn ﬂs ap ﬁ8
afg aflO
+ﬂg ﬂm )
81“2 of ! of° of’
z% = Z T B Py R A
aflg aflo
+0,—— +
ﬂg aQI ﬂlo aQ )
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. B, of 61‘2 AP
Zr(§0) 25n+2N+1 (ﬁl 132 ﬁS ﬂ4

+ﬂ5 o, + 5 af_) (5.49)

n

n

. 0C, . ofr o af? o ofd ot
Zr(EO) z 5n+3N +1 (ﬂl :62 ﬂ3 ﬂ4

of? af °
B St B

n

o)

n

The derivative of the cosine term for the transverse motion is
(Ic) _ - (1c) (1c) (1c) (1c)
Zkr - Zkr1 + Zer + Zkr3 + Zkr4 (550)

with

N 2 4 5 8 9
203l P, Ao g O o oo
=, 2eP, ‘oP, CoR, “eP, 4P

N
Zg5 = i n+N( 1: (e, g:)i +a, gg: +ag gf(i +a gf(i +a, ggi

+ay, gg —2.)-5¥2kQ) 550
29 =3 0l 0 G v Sy S B i

2n n n n

T ﬁ) - 5:057)

6f1 8f g of } of! of>
Z(lC): 5r n 2+a 2+a 2+a 2
kr4 ; n+3N+1 5 ( o ac. 5Cn 3 ac. 4 ac, 5 oc,
off
+,
s )

n
The derivative of the cosine term for the torsional motion is

(2¢) _ =2 (2¢) (2¢c) (2¢c) (2¢)
Zkr _Zkrl +Zkr2 +Zkr3 +Zkr4 (552)

www.manharaa.com




70

. N af 2 af 4 af 5 af 8 ﬁf 9
Zg = 2.6, ( (ﬂz M P i

n=1

af 10

ﬂm ) Sy Bir)
of; of,} of,; of) of)
25 = NN 4 53 55 95
Z Cln " oQ, A aQ, A aQ, A aQ, A aQ,
of,)°
ﬂlo ) (5.53)

. nafl af2 of af4 of
2z = Z +2N+1( (,31 ﬂz ﬂs ﬂ4 ﬂs

n

+ ﬂe _2) - 5: [137 + :B14])

. ) afl af 2 81:3 af4
Zlfr24) z +3N+1(8 (ﬁl +ﬂ2 +ﬂ3 +ﬁ4

n

o ey 2) 54 [2K])

The derivative of the sine term for the transverse motion is
280 =2 + 28 + 202 + 23 (559
with

ofz  ofr  of  ofr  off
(1s) 5r + 3 + 3 + 3 +a
Zin Z (a2 op Fgp T%gp T%gp THp T

n n

o, aaf—B) + 5% 2kQY)

2 4 5 8 9
209 = Z i "( P IO L WL L
20, "% %,

10
+ay, 8_3) - 5: [oy; +,])

n
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L oB of} of 2 of. of.} of;
Z(:S) — 5nr+ . " (« +q. =3 3 3 3
kr3 nz=1: 2N+1 6b 1 GB 2 oB
6
+a a?) (5.55)

s N afl of 2 of 2 of ¢ of >
ZIE:4) z +3'N+1(a (a 18C 28(:3 + o 8(; +q, ﬁé + o5 38

n n n n

T0 ﬁ) - 5:0‘7)

The derivative of the sine term for the torsional motion is

(2s) _ —(2s) (2s) (2s) (2s)
Zkr _Zkrl +Zkr2 +Zkr3 +Zkr4 (556)

with

. , af2 af“ of s afa 8f9
25 = 25 (ﬂz ﬁ4 ﬁs ﬁs /39

oy,
f 10

:310 )
of, 2 ofd of, > of, 8 of ?
Z(ZS) S n 3 4 3
kr2 Zl n+N(aC (:Bz Qn ﬁ4 aQn ﬂs 8Q ﬂg Qn ﬁg aQn

f 10

,310 : ) Sy Bir) (5.57)
; B, , of; af ’ of} af ‘ of
lfrzs) = Z +2N+1( (ﬂ1 ﬂz ﬁs 134 ﬂs

2n n n

+13, —3) +6,2kQ)

S .o, O o aff L aft o
Zi = Z(5n+3N+1 %, (ﬂl ﬂz ﬂs ,34 + /5
n=1

5, i) 1B, + )

From Luo [2012], the eigenvalues of DF™ (y*™) are classified as
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(nl’nZ’nB |n4’n5’n6) (558)

The corresponding boundary between the stable and unstable solutions is given by the saddle-
node bifurcation and Hopf bifurcation.
5.2 Analytical routes to chaos

Consider the following parameters:

¢, =0.0037, £, = 0.0046, 77, = 0.000922, 77, = 0.0062
a, = 2.341, a, = 14.366, b, = 0.496, b, =1.265 (5.60)
U =6.77, p =1.255,Q, =100.0, k, =5.0, k, = 2.0,

Where

_pd® pd*
W = /k /1 1, = 5.61
y hoy= 4‘9 2|w Ty = om0 T (5.61)

The acronym “SN” and “USN” represent the stable and unstable saddle-node
bifurcations. The acronym “HB” represents the Hopf bifurcation (supercritical). “A” and “S”
denote asymmetric and symmetric period-1 motions respectively. “P-m” indicates one period of
the motion is “m” times the time of one excitation period. Solid and dashed curves represent
stable and unstable period-m motions, respectively. From the above the parameters, the
frequency-amplitude curves of period-1 to period-4 motion in transverse-direction and torsional-
direction of such a nonlinear cable are presented in Figure 5.1 and 5.2 that are based on 120

harmonic terms.

www.manaraa.com



73

.030
I P-1 HB
L - ’_:7 SN
I oz HB\
.015 |- HB ~~= P-2 P-4 )
< i HB s/ B
£ I SN/ HB ~
& i USN HB__ SN SN—x0 — USN s
= 0.000——:, e = e — —_———
- S
Z I HB SN SN HB ~
s L SN N A
8 i HB \
-.015 - HB \\;\\il--_ "
- \N\“fi‘}jN
L HB
_.030 1 1 1 1 | 1 1 1 1 | 1 1 1 1
31.3 36.6 41.9 47.2
Excitation Frequency, Q
()
.0048
i =~
3 i / 7 \
S - : \
/
;fg 0032 - p \
2 i P-4 7/ !
= - e \
S _ -
g i /T T == ‘
Q - / !
g .0016 / ' HB
< - /
T - IHB
- SN
00000 1 1 1 | 1 1 1 1 | 1 1 SN 1
35 38 41 44
Excitation Frequency, Q
(i)

Figure 5.1: Bifurcation tree from period-1 motion to chaos of the nonlinear cable structure in the
transverse direction: frequency-amplitude curves of harmonic terms based on 30 harmonic terms

(HB30): (i) &, (ii)-(xvi) Ay ( M=4,k=12,..,4;8,12,16, 20, 24;116,117,118,119,120 ),
(¢, =0.0037, £, =0.0046, 17, = 0.000922, 7, = 0.0062, a, = 2.341, &, =14.366, b, =0.496,
b, =1.265,U =6.77, p=1.255,d =33x102,k, =5.0, k;, = 2.0, Q, =100)

www.manaraa.com



74

.012
" PETN
. e \
- // \
el | 7 ~~4y HB
4 P-2 /
= 008} e 7 HB
=] r'd
= i -~ Ve
= - o - e
S L 7 - e
< /’ P¢{/
© -HB T~ _ _ -7
g 004 HB |
©
T "
" [SN | | SN
0.000 1 1 1 1 1 1 1 1 1 1 1 1
35 38 41 44
Excitation Frequency, Q
(iii)
.0045
3 - P-4
a L =
& - N\ \
= 0030 | Pid ol
E - 7 .
E_ o / \ | \ HB
- /
< , ‘Y
L B \/
c | / .
g .0015 [ ;
5+
T L HB;, \/
i SN SN
OOOOO [ 1 1 | 1 1 1 1 | 1 1 1 1
35 38 41 44
Excitation Frequency, Q
(iv)

Figure 5.1 Continued

www.manharaa.com




75

Harmonic Amplitude, A,

313 36.6 41.9 47.2

v)

Harmonic Amplitude, A ),

37.8 40.9

Excitation Frequency, Q

(vi)

Figure 5.1 Continued

www.manharaa.com




76

.021
I P-4
P-1 _7L
o~ - —_ I~
S i 7 ZiIs <X
< o /2 P2, SN\ HB
g OMr HB SN B e
= i HB A HB
E_ - HB
< -
2 - SN
g .007 -
= - SN 1B
| / HB
OOOO |_qu ll PR R— 1 §|_ SR 1 |.\£S|__|_
31.3 36.6 41.9 47.2
Excitation Frequency, Q
(vii)
.0048
<:',
g .0032
2
=
IS
<
L
c
g .0016
S
T
0.0000
313 36.6 41.9 47.2
Excitation Frequency, Q
(viii)

Figure 5.1 Continued

www.manharaa.com




77

.0018
I P-1
- — T ey,
7 ~
z i //’_‘\\P-4\HB
< oonzf /g Y
g Hel %’ R
= < P2~ HB
g. - HB HB
P : SN
c ——
S 0006 - — SN SN _—=
= -
g "SN&T A
- HB - HB
i USN | S USN
00000 [ T L — J— 1 [ R R |_L1__|_
31.3 36.6 41.9 47.2
Excitation Frequency, Q
(ix)
.0006
<r',
s  .0004
=]
2
=
1S
<
L
S
£ .0002
[5+
T
0.0000
31.3 36.6 41.9 47.2
Excitation Frequency, Q
(x)

Figure 5.1 Continued

www.manharaa.com




78

.0003
<L",
s .0002
=]
2
=
E
<
L
S
£ .0001
©
T

- S
0.0000 el —_—
31.3 36.6 41.9 47.2
Excitation Frequency, Q
(xi)

le-9
<CL
s le-13
o
2
=
1S
<
L
S 1e-17
£
[+
T

le-21

31.3 36.6 41.9 47.2

Excitation Frequency, Q
(xii)

Figure 5.1 Continued

www.manharaa.com




=
g
—
—
S
<
[}
S
S
=
=1
€
<
L
c
s}
£
S
S
I

(xiii)

N
)
n
)
<
[}
o
S
=
=
1S
<
2
c
S
IS
S
S
I

(xiv)

79

1e-10 ¢
: P-4
le-11 ¢ e~
r HB \ 7
- / . / \I_ \ A HB
ezl [/ Fou
- V! i !
-
f
le-13 ¢
le-14 £
- |sn SN
1e_15 1 1 1 1 | 1 1 1 1 | 1 1 1 1
35 38 41 44
Excitation Frequency, Q
16-10 E
le-11 ¢ P'E cm———- A5
: /’—_- RN /_/. /
C \ : g
- HI‘3',-\_~_(’ 4 TN HE
le-12 & ‘l \/ N 7
o T
le-13 ¢
le-14 £
L |sN SN
1e_15 1 1 1 1 | 1 1 1 1 | 1 1 1 1
35 38 41 44

Excitation Frequency, Q

Figure 5.1 Continued

www.manharaa.com



80

le-10 ¢
3 le-ll1
3 - P-4 -~ \ A5
< [ HB N /"‘\\/./ N
T lel2 b ;N7 '
= E \ v
=3 C
g -
o le-1l3 ¢
c C
S -
S -
[+
I leld4 ¢
- SN SN
1e_15 1 1 1 1 | 1 1 1 1 | 1 1 1 1
35 38 41 44
Excitation Frequency, Q
(xv)
le-10
<:L
s le-13
o
2
=
S
<
L
g le-16
©
T
le-19
31.3 36.6 41.9 47.2
Excitation Frequency, Q
(xvi)

Figure 5.1 Continued

www.manharaa.com




81

In Figures 5.1, the bifurcation trees of the period-1 to period-4 motion in the transverse

direction is presented through the frequency-amplitude curves. In Figure 5.1 (i), the constant

all’ versus excitation frequency Q is presented. Both symmetric and asymmetric period-1

motions can be found for Qe (31.3,47.2). The symmetric period-1 motions are all unstable and

the a{” =0. The unstable saddle node bifurcations (USN) of symmetric period-1 motions are at
Q~44.2135,34.6338 where unstable asymmetric period-1 motions can be observed. The Hopf

bifurcations (HB) of stable asymmetric periods motions are at Q~44.1,35.17 and Q=~43.21,.
35.42 . The asymmetrical period-1 motions become quasi-periodic or chaotic motions at the first

two Hopf bifurcation(HB) points. At the other two bifurcation points, period of the period-1
motion doubles. The saddle node bifurcations (SN) of asymmetric period-1 motions are at

Q~32.56,38.37,39.53,46.56 where stable asymmetric period-1 motions disappear. Meanwhile

period-2 and period-4 motions can also be seen in this figure. The stable period-2 and period-4
motions are represented in black solid lines that can be observed at the Hopf (HB) bifurcations of
period-1 and period-2 motions respectively. The unstable period-2 and period-4 motions are

depicted in short dash lines and dash dot lines correspondingly. The constant terms are
symmetrical about the a{” = 0. In Figure 5.1 (ii), the harmonic amplitude Ay, varying with
excitation frequency € is presented. Only one branch of period-4 motions are observed for this
frequency range. For the period-1 and period-2 motions, A, =0. The saddle-node (SN)
bifurcations of the period-4 motions are at Q ~ 35.8548, 42.6450 where stable period-4
motions end. The Hopf bifurcations (HB) of the period-4 motion are at Q= 35.935, 42.535
from which period-8 motions can be obtained. The unstable period-4 motions are presented by

the dot-dashed lines. The quantity level of such a harmonic amplitude is Ay, ~4.8x107. In
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Figure 5.1 (iii), the harmonic amplitude A, Vversus excitation frequency € is presented. The

period-2 and period-4 motions on the bifurcation tree can be observed. For period-1 motions,

Ay, =0. One branch of period-2 motions is observed. The saddle-node (SN) bifurcations of

period-2 motions are at Q2 ~35.417, 43.22. The Hopf bifurcations of period-2 motions are at
2~ 35.8548, 42.6450 which are also the saddle-node (SN) bifurcations of period-4 motions in

Fig.2(ii). The quantity level of the harmonic amplitude is A, ~0.012. In Figure 5.1 (iv),
harmonic amplitude A,;, versus excitation frequency is presented, which is similarto A, ,.
The quantity levels for both A, and A, arequite close, i.e., Ay, ~4.8x10~ and

Az ~ 4.5x10°°. However, the variation of harmonic amplitudes with excitation frequency are
different for the two harmonic amplitudes A, and A,;,. InFigure 5.1 (v), the primary
harmonic amplitude A, varying with excitation frequency is presented for period-1 to period-

4 motions. One zoomed Figure 5.1 (vi) for Qe (34.7,44.0) is presented to better present the
bifurcation scene of periodic motions. For both symmetric and asymmetric period-1 motions, the
value of harmonic term is not equal to zero. The saddle-node bifurcations of symmetric period-1
motions are both unstable at Q ~ 44.21 34.63. They are the onset points of asymmetric unstable
period-1 motions, which are also for the unstable saddle-node bifurcations for asymmetric
period-1 motions. The Hopf bifurcations of asymmetric period-1 motions are at

Q~44.1,43.21,35.42,35.17 . The quantity level of the primary harmonic amplitude is
Ay, ~0.35. The symmetric period-1 motions exist for other frequency range. To avoid

abundant illustrations, only a few main harmonic amplitudes are presented herein. Thus, in

Figure 5.1 (vii), the harmonic amplitude of A, varying with excitation frequency is presented
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for Qe (31.3,47.2). For symmetric period-1 motions, A, =0. For asymmetric period-1
motions, A, # 0, and the corresponding bifurcation trees can be observed. For higher

frequency area, periodic motions with different periods may also be found. The quantity level of

the second harmonic amplitudes is about A, ~0.021. In Figure 5.1 (viii), the harmonic
amplitude A, versus excitation frequency is presented, which is different from the primary
harmonic amplitude A, . The bifurcation trees from period-1 motions to period-4 motions can

be found on the top area. The lower half of the figure shows the branch of symmetric (S) and
asymmetric (A) period-1 motions. The asymmetrical period-1 motions switch from stable to
unstable at the Hopf bifurcations (HB) points. The quantity level of the third harmonic

amplitudes is about A,); ~0.0048. To compare with the harmonic amplitude A, , the harmonic
amplitude A,,, varying with excitation frequency is presented in Figure 5.1 (ix). The
symmetric period-1 motions possess A, =0. The asymmetric period-1 motion of A, #0

experiences the bifurcation trees in such frequency-amplitude curves. The quantity level of the

fourth harmonic amplitudes is A,), ~0.0018. As harmonic order increases, the harmonic
amplitude decays for the same frequency range. Thus the harmonic amplitude A, versus

excitation frequency is presented in Figure 5.1 (x). The pattern of the bifurcation tree is very

different from A, and A,,. The quantity level of the harmonic amplitude is A, ~ 6x10~°
for Qe (31.3, 47.2). The harmonic amplitude A, versus excitation frequency is presented

in Figure 5.1 (xi) to be compared with other even terms. The shape of the bifurcation tree is also

quite different from A, and A,,. The quantity level of the harmonic amplitude is

A ~ 3x10°°. To demonstrate the accuracy of the analytical solutions, the last set of harmonic
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amplitudes are discussed. In Figure 5.1 (xii), the harmonic amplitude A,,, varying with

excitation frequency is presented. The ordinate is in common logarithmic scale instead of linear

to exhibit the drastic drop of the magnitude. The quantity level of the harmonic amplitude is
from Ay ~ 10~ as excitation frequency varies from Q=313 to Q=47.2 for period-1 to
period-4 motions. The harmonic amplitude A,,,;,, Vversus excitation amplitude is presented in
Figure 5.1 (xiii) for period-4 motions. From one branch, the quantity level of harmonic
amplitude is  Ayy,7,, ~107° for excitation frequency varies from Q=35 to Q=44. In Figure
5.1 (xiv), the harmonic amplitude A, Vversus excitation amplitude is presented for period-2
and period-4 motions on the bifurcation tree. The quantity level of harmonic amplitude is

under As,, ~107°. Similarly, in Figure 5.1 (xv), the harmonic amplitude Ao, Versus

excitation amplitude is presented for period-4 motions, and the quantity level of harmonic
amplitude is also under A),,;,, ~ 107 In Figure 5.1 (xvi), the harmonic amplitude varying with
excitation frequency is presented for period-1 to period-4 motions. The quantity level of

harmonic amplitude A, ~ 107", Compared to the unstable solutions, the analytical solutions of

periodic stable motions are much accurate in such excitation frequency.
For the analytical solutions of periodic motion in the torsional direction, they are also
discussed. The bifurcation locations of torsional motions are the same as the transverse direction.

In Figure 5.2, the bifurcation trees of the period-1 to period-4 motion in torsional direction is

presented through the frequency-amplitude curves. In Figure 5.2 (i), the constant a’ versus
excitation frequency Q is presented. For symmetric period-1 motion, a$’ =0. For asymmetric

period-1 to period-4 motion, a$’ = 0. In Figure 5.2 (ii), the harmonic amplitude Ay, Varying
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with excitation frequency Q is presented. For the period-1 and period-2 motions, A, =0.

The quantity level of such harmonic amplitude is A, ~ 0.03. In Figure 5.2 (iii), the harmonic
amplitude A, varying with excitation frequency Q is presented. Period-1 motions

possess Ay, =0. One branch of period-2 motions are observed. Period-4 motion exists at the

Hopf (HB) bifurcations of period-2 motions. The quantity level of the harmonic amplitudes is

Ay, ~0.06. In Figure 5.2 (iv), the harmonic amplitude A, versus excitation frequency is
presented. The quality level of harmonic amplitude is A, ~0.03. In Figure 5.2 (v), the
primary harmonic amplitude A, Vvarying with excitation frequency is presented for period-1 to

period-4 motion. One zoomed Figure 5.2 (vi) is shown to better illustrate the bifurcation tree of
period-1 to period-4 motion. The quantity level of the primary harmonic amplitude is

A,y ~0.6. Similar to the transverse direction, only a few primary harmonic amplitudes for the
torsional direction are presented. Thus, in Figure 5.2 (vii), the harmonic amplitude of A,

varying with excitation frequency is presented for Qe (31.3,47.2). For symmetric period-1

motions, we have A, , =0. For asymmetric period-1 motions, A, #0, and the corresponding
bifurcation trees can be observed. The pattern of the harmonic amplitude A, is also different
from A,,. The quantity level of the second harmonic amplitudes is A, ~0.9 for
Qe(31.3,47.2). In Figure 5.2 (viii), the harmonic amplitude A, versus excitation frequency
is presented, which is not similar to  A,,;. The bifurcation trees of period-1 to period-4 motion
are observed. To compare with the harmonic amplitude A ,,,, the harmonic amplitude A,

varying with excitation frequency is presented in Figure 5.2 (ix), which is also not similar to
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Ay The symmetric period-1 motions possess A, =0. The asymmetric period-1 motion of
A, =0 experiences the bifurcation tree in such frequency-amplitude curves. The harmonic
amplitudes A, and A, versus excitation frequency are presented in Figure 5.2 (x) and (xi)
to be compared with A, and A, which the change in magnitude with frequency are quite
different. To avoid abundant illustration, the last set of harmonic amplitudes are discussed. In
Figure 5.2 (xii), the harmonic amplitude A,,, Vvarying with excitation frequency is presented,
similarto  A,,,. The quality level of the harmonic amplitude is A, ~ 107" as the excitation
frequency changes from Q=231.3through Q=47.2 for period-1 to period-4 motions. The
harmonic amplitude A, Versus excitation amplitude is presented in Figure 5.2 (xiii) for
period-4 motions. The quantity level of harmonic amplitude are Ay;,,,,, ~107°. In Figure 5.2

(xiv), the harmonic amplitude A, ., Vvarying with excitation amplitude is presented for period-

2 and period-4 motions on the bifurcation trees. The quantity levels of harmonic amplitude is

Azyser, ~107°. Similarly, in Figure 5.2 (xv), the harmonic amplitude A, ,4,, Versus excitation

amplitude is presented for period-4 motions, and the quantity level of harmonic amplitude is

Aoyizie ~ 10°. In Figure 5.2 (xvi), the harmonic amplitude A, Varying with excitation

frequency is presented for period-1 to period-4 motion. The quantity level of harmonic amplitude

Az onthe three branch is Ay, ~107°.
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Figure 5.2: Bifurcation tree from period-1 motion to chaos of the nonlinear cable structure in the
torsional direction: frequency-amplitude curves of harmonic terms based on 30 harmonic terms
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5.3 Numerical Illustrations

To illustrate periodic vibrations in such a nonlinear cable system, numerical and
analytical solutions will be presented. The initial conditions for numerical simulations are
computed from approximate analytical solutions of periodic solutions. In all plots, circular
symbols give approximate solutions, and solid curves represent numerical simulation results. The
acronym “IC” with a large circular symbol represents initial condition for all plots. The
numerical solutions of periodic motions are generated via the mid-point scheme.

In Figure 5.3, a period-1 motion based on 30 harmonic terms (HB30) is presented for

Q=35.4 with other parameters in Eq.(47). The initial conditions are (x,,, Y,,) = (.27009549,

5.57673150) and (X,,, Y,,) = (-.44091253,-31.14258909). The displacement and velocity

responses of the nonlinear cable in the transverse direction are presented in Fig.5.3 (i) and (ii),
respectively. One period (T) for the period-1 motion is labeled. The trajectory is presented for
over 40 periods in Figure 5.3 (iii). The initial condition is marked by a large circular symbol and
labeled by “IC”. For better understanding of harmonic contributions, the harmonic amplitude
spectrum of transverse displacement is presented in Figure 5.3 (iv). The harmonic amplitude

spectrum is computed from the analytical solution. The main harmonic amplitudes

area,, =.0120, A, ~0.2880, A,, ~0.0128, A, ~2.8335x10°, A,, ~1.1036x10°,

A ~3.4263x107%, Ay ~1.1193x107%, A, , ~3.3793x10°°, A, ~1.1175x10°%,
A ~6.8196x10°°, Ay ~3.1456x10°, A, ~1.2299x10°, Ay, ~4.1251x107,

Auss = 23204107, Ay, ~1.2723x107, Ay ~5.5298x10°%, A, ~1.8668x10°° . The other
harmonic amplitudes of the transverse displacement are A, e (10,10°) (k =17,18,19,---,30)

and Ay ~6.0428x107°. Meanwhile the displacement and velocity of the torsional motion are
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presented in Figure 5.3 (v) and (vi), respectively. The displacements and velocities in the
transverse and torsional directions are very different. Thus, the trajectories in each direction are
different. The trajectory in the torsional direction is presented in Figure 5.3 (vii), which is
different from the trajectory in transverse direction. The harmonic amplitude spectrum of the
torsional motion is presented in Figure 5.3 (viii) for effects of the harmonic amplitudes on the

period-1 motions. The main harmonic amplitudes of the torsional motion are a,, = 0.0268,

Agy ~0.0944, A, ~05603, A,,~0.463, A,, ~9.2963x107°, A, ~0.0122,

Age ~0.0211, Ay, #3.9739x107°, A,y ~8.9740x10*, A, ~ 7.4163x10,

Ao ~8.0149x107, A, ~2.4159x107, A,, ~6.1794x10°, A,y ~6.1794x10°°,

Ay ~3.1855x10°, A, .o ~1.2881x10°, A, ~3.7016x10° and A,,, ~1.5573x10°.
The other harmonic amplitudes of the torsional motion are A ,), € (10"°,107") (k=18,19,---,30)

and A, ~1.1469x107"°. Since the period-1 motion possesses a very large excitation

frequency, the 30 harmonic terms can give a very accurate analytical solution.
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Displacement, x;

(i)

Velocity, y,

(ii)
Figure 5.3: Stable period-1 motion of nonlinear cable structure in transverse direction
(Q2=35.4, HB30): (i) displacement x,, (ii) velocityy, ; (iii) trajectory (x,,y,), (iv) harmonic
amplitudes A, (k=12,---,30) . Motion in torsional direction: (v) displacement Xx,, (Vi)
velocity y, ; (vii) trajectory (X,,Y,), (viii) harmonic amplitudes A,, (k=12,---,30). Initial
conditions (X, Y,,) = (.27009549,5.57673150)and (X,,, Y,,) =~ (-.44091253,-31.142589009).
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On the same side of bifurcation tree of period-1 motion to chaos, consider a period-2
motion. Such a periodic motion is expressed analytically by 60 harmonic terms for Q=235.6, as
shown in Figure 5.4. With other parameters in Eq.(47), the analytical solution gives the initial
condition (X, Yy,) =(-267991,5.835643) and (X, Y,,) = (-.509682,-33.127622), which is

used for numerical simulation. The displacement and velocity responses in the transverse
direction of such nonlinear cable system are presented in Figure 5.4 (i) and (ii), respectively.
Two periods (2T) for the period-2 motion are labeled. The trajectory in the transverse direction is
presented for over 40 periods in Figure 5.4 (iii). The initial condition is marked by a large
circular symbol and labeled by “IC”. Compared to one cycle of period-1 motion, two cycles are
observed for the period-2 motion. To understand the difference between period-1 and period-2
motions, the harmonic amplitude spectrum of the transverse motion in the perod-2 motion is
presented. In Figure 5.4 (iv), the harmonic amplitude spectrum is computed from analytical

solutions. The main harmonic amplitudes of the transverse motion for the period-2 motion are

a) =0.0121, Ay, ~2.8461x10°, A, ~0.2929, A, ~3.7998x10°°,

Ay, =0.0130, Ay, ~1.4045x10°, Ay, ~2.8057x10°, A, ~4.4562x10°,

Ays #1.0677x107°, Ay, = 2.3821x107, Ay ~3.1912x107, Ay, ~1.1687x107,
Ay = 9.6839x10°°, Ay, ~4.9813x10°, Ay, ~2.5303x107°, Ay, ~1.9771x10°°,
Aps =4.2153x107°, Ay, 8.7984x107°, A, ~3.1574x107°, Ay, ~4.8856x107°,
Auo #1.0428x10°, Ay, ~2.2839x10°, Ay ~3.8132x107, Ay, ~9.1098x107,
Ay = 2.0320x107, Ay, ~3.3349x107, Ay, ~1.1084x107, Ay, ~1.7755x107,

Agys = 35176 x10°, Ay, 9.1208x10°, Ay ~3.5296x10°, Ay, ~3.5687x10°,
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Aps =2.3985x107° Ay, 9.0104x107°, and Ay, ~1.1034x10™°. The other harmonic
amplitudes of the transverse motion are A, € (104,10”°) (k =35,36,---,60) and

Az = 3.0704x107. The amplitude drops exponentially as the harmonic order k increases. So

the ordinate is in linear logarithm scale. In such nonlinear cable system, the displacement and
velocity in the torsional direction are presented in Figure 5.4 (v) and (vi), respectively. The
trajectory of in the torsional direction is presented in Figure 5.4 (vii). The number of cycles of
the trajectory doubles for the period-2 motion compared with period-1 motion, which cannot be
obtained from the traditional analytical methods. The motion in both direction are not similar.
Both displacement and velocity in the torsional direction are greater than the transverse direction
for such parameter set. The harmonic amplitude spectrum of the torsional motion is presented in

Figure 5.4 (viii) for effects of the harmonic amplitudes on the period-2 motions. The main

harmonic amplitudes of the torsional motion are afy) =0.0251, A, ~0.0113,

Ay ~0.0969, A, ., ~0.0403, A,,~0.5537, A,.,~0.0949, A, ~0.0475,

Az #0.0187, A, ~0.0106, Ay, ~7.9754x107°, A, ~9.8917x107,

Az ~9.0746x10°, A, ~0.0179, Ay, ~9.4428x10°, A, ~2.7778x10°,

Apysz = 2.8192x107°, A,y ~ 7.4625x107, Ay, ~7.7090x107, A, ~3.8926x10™,
Aczyirre = 6.6504x107, A, o ~4.3020x107%, Ay, #5.2707x107, A, ~1.3793x10°,
Az ©1.6804x107, Ay, = 6.7403x10°7°, A, e, ~4.3338x10°, A, ., ~3.0583x10°°,
Acryarrs ~3.0807x10°, Ay, ~1.0253x10°, A, 0, ~2.2424x10°, A, ~9.1008x10°°,
Ay =8.2094x107°, A, ~5.6049%x10°, A, ~1.5257x10°, and A, ~ 2.5587x10°.

The other harmonic amplitudes of the torsional motion are A, , (10*,107) (k =35,36,---,60)
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and A, ~4.3065x10™". From the numerical illustration, the 60 harmonic terms can give an
accurate analytical solution of period-2 motion in the vicinity of Q=35.6,. That is, the accuracy

of the analytical solution is about 107"*. The tradition perturbation method with only few terms

cannot achieve such an accurate solution.

4
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(i)
Figure 5.4: Stable period-2 motion of nonlinear cable structure in transverse direction
(Q2=35.6, HB6O0): (i) displacementx,, (ii) velocityy,; (iii) trajectory(x,y,), (iv) harmonic
amplitudes A, (k=1,2,---,60) . Motion in torsional direction: (v) displacement x,, (Vi)
velocity y, ; (vii) trajectory(X,,Y,), (viii) harmonic amplitudes A, , (k=12,---,60). Initial
conditions (X, Y,,) =(-267991,5.835643) and (X, ¥,,) = (-.509682,-33.127622).
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Figure 5.4 Continued

To future demonstrate the trend from periodic motion to chaos, consider a period-4
motion on the same branch. Such a periodic motion is expressed analytically by 120 harmonic
terms for 2 =38.56 as shown in Figure 5.5. With other parameters in Eq.(47), the analytical
solution gives the initial condition (x,, Y,,) =(-218801,5.424894) and (X, Y,,) =(.253783,
36.973190), which is used for numerical simulation. The displacement and velocity responses
in the transverse direction of such nonlinear cable system are presented in Figure 5.5 (i) and (i),
respectively. Four periods (4T) for the period-4 motion are labeled. The trajectory in the
transverse direction is presented for over 80 periods in Figure 5.5 (iii). The initial condition is
marked by a large circular symbol and labeled by “IC”. Compared to one cycle of period-2
motion, Four cycles are observed for the period-4 motion. To understand the difference between

period-2 and period-4 motions, the harmonic amplitude spectrum of the transverse motion in the
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perod-4 motion is presented. In Figure 5.5 (iv), the harmonic amplitude spectrum is computed

from analytical solutions. The main harmonic amplitudes of the transverse motion for the period-

4 motion are afy =-.01235, Ay, ~2.0805x107, Ay, ~4.4244x10°, Ay, ~ 2.0062x10*,
Ay ~.2989, Ayg, ~1.3162x10%, Ay, ~5.1751x10°, A, ~2.2084x10*, A, ~.0132,
Auers ~8.9785x10°, A, ~2.0390x10°, Ay, ~6.6322x10%, A, ~2.8046x10°,
Aurys ~1.7694x10°, A, ~6.3457x10%, A, ~2.8438x10°%, A,, ~1.0382x10°
Auyiors = 7.7480x10°, A, ~3.3609x10% Ay, ~1.4134x10°, A, ~3.0028x10%,
Auoys = 4.0164x10° Ay ~1.6253x10%, Ay, ~7.5843x10°, A, ~8.5266x10°,
Auyosia ~ 2.6506x10°, Ay, ~6.8390x10°, A, ~3.4733x10°, A, ~2.1199x10°,
Auyora ~1.6757x10°, Ao, ~2.5937x10°, Ay, ~1.2687x10°, Ay, ~3.9352x10°
Auyas = 7-3859%107, Ay, ~1.0324x10°, Ay, = 4.9254x107, A, ~1.9887x10°
Aura = 3.6490%107, Ayio, ~5.5842x10°, Ay, ~2.8922x107, A, ~1.0619x10°. The
other harmonic amplitudes in the transverse direction are A, € (107°,107)

(k=41,42,---120) and Ay, ~1.6439x107*. The amplitude drops exponentially as the

harmonic order k increases. So the ordinate is in linear logarithm scale. In such nonlinear cable
system, the displacement and velocity in the torsional direction are presented in Figure 5.5 (v)
and (vi), respectively. The trajectory of in the torsional direction is presented in Figure 5.5 (vii).
The number of cycles of the trajectory doubles again for the period-4 motion compared with
period-2 motion, which cannot be obtained from the traditional analytical methods. The motion
in both direction are not similar. Both displacement and velocity in the torsional direction is

greater than the transverse direction for such parameter set. The harmonic amplitude spectrum of
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the torsional motion is presented in Figure 5.5 (viii) for effects of the harmonic amplitudes on the

period-4 motions. The main harmonic amplitudes of the torsional motion are are ay) = -.5866,
Ayys ~6.8405x10%, A, ~0.0186, A,q, ~8.2784x10%, A, ~.1022,

Ayere = 2.7872x10%, A, ~0533, Ay, ~5.2675x10°, A, ~.5470,

Ao 5.7471x10°, Ay, ~0.1349, A, ~4.3237x10%, A, ~0.0509,

Ao ~9.9988x10%, A, ~0.0267, A,y ~1.1368x10%, A, ~0.0131,

Aoyirse ~5.4933x10%, Ay, ~0.0108, Ayye, ~5.4815x10%, A, ~8.2161x10°,

Auyaye =3.0590%10% Ay, ~0.0119, Ay, ~7.7866x10%, A, ~0.0151,

Ayseye =3.1348x10%, A, ~0.0125, A,,., ~5.8997x10%, A, , ~3.0959x10°,
Ayaora = 2.9353x10%,  Ayye ~3.0963x10°, Ay, ~1.8732x10%, A, ~1.3720x10°
Aoy ©1.3638x10%, Ay, 8.0817x10%, Ay, ~ 4.4682x10°, A, ~5.4228x10™
Aoysna ~5.3089x10°, Ay, ~ 7.1048x10%, Asyay, ~3.2490x10°, Ay, ~2.5271x10%.
The other harmonic amplitudes of the torsional motion are Ay, € (107™,107°) (k =41,42,---

120) and A, = 3.7727x107. From the numerical illustration, the 120 harmonic terms can
give an accurate analytical solution of period-4 motion in the vicinity of Q=38.56,. That is, the

accuracy of the analytical solution is about 10™. The tradition perturbation method with only

few terms cannot achieve such an accurate solution.
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Figure 5.5: Stable period-4 motion of nonlinear cable structure in transverse direction
(Q2=38.56, HB120): (i) displacement x,, (ii) velocity y, ; (iii) trajectory(x,,y,), (iv) harmonic
amplitudes A, (k=12,---,120). Motion in torsional direction: (v) displacementx,, (Vi)
velocity y, ; (vii) trajectory(x,,Y,), (viii) harmonic amplitudes A, ,, (k=12,---,60). Initial
conditions (X, Y,,) =(-218801,5.424894) and (X,,, Y,,) = (:253783,36.973190).
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To illustrate periodic motions on other side of the same bifurcation trees of period-1 to
chaos, the trajectories of period-1, perod-2 and period-4 motions are illustrated in Figure 5.6 (i)-

(vi) for ©@=43.56, 43.0, and 42.605, respectively. The initial conditions for numerical

simulations of the three periodic motions are computed from the analytical solutions, as tabulated
in Table 1. Since the excitation frequencies are quite close, the initial conditions for the three
motions are also very close for the period-1, period-2 and period-4 motions.

In Figure 5.6 (i) and (ii), the analytical solutions based on thirty harmonic terms (HB30)
are determined for the period-1 motion, and the corresponding harmonic amplitudes are

computed. The harmonic amplitudes decrease exponentially with increasing harmonic orders.

The maximum and minimum harmonic amplitudes are A, ~.277506 and Ay, ~ 2.361x10™
with a,,=0.0228 for transverse motion, A, ~0.1003, and A,, = 4.0282x10™ with
a,, =0.0316 for the torsional motion. The centers of the trajectories in transverse and torsional

directions are at x, ~0.0344 and x, ~0.0925 that are not on the origin of the coordinate

system. The trajectories of period-1 motions at 2 =43.56 in both directions are very similar to
the period-1 motions at Q =35.4. The magnitudes of the vibrations at Q=43.56 are greater
than at ©Q =235.4. From the harmonic amplitudes, the analytical solutions of period-1 motions
are very accurate. In Figure 5.6 (i) and (ii), the period-1 motion in the transverse direction has
only cycle in phase plane, and the period-1 motion in the torsional motion has two cycles in
phase plane. The numerical and analytical solutions match very well. The modal shape cannot be
similar to what one thinks in the traditional perturbation analysis.

In Figure 5.6 (iii) and (iv), the analytical solutions based on sixty harmonic terms (HB60)

are determined for the period-2 motion, and the corresponding harmonic amplitudes also are
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computed. The primary harmonic amplitudes A, ,, and A,,, (1=12,--,30 ) decrease
exponentially with harmonic orders. The harmonic amplitudes Ay, ), and Aoy

(1=212,---,30 ) possesses a little wavy and exponential decrease with harmonic orders, which
are effects on the period-2 motion derived from the period-1 motion. The maximum and

minimum primary harmonic amplitudes are A, , ~0.2881 and A, ~3.1968x10™* with
a;) =0.0223 for the transverse motion, A,,,~0.7028 and A, ~5.9425x10"° with
a?) ~0.0251 for the torsional motion. The centers of the trajectories for the transverse and
torsional motions are at x, =0.032 and X, ~0.0637. The maximum and minimum of harmonic
amplitudes for the period-2 motion are A, *5.704x10™° and Ay, ~ 4..3326x107*for the

transverse motion, A, ~0.1504 (A,,, ~0.0149) and A, ~7.0516x10"° for the

torsional motion. From the harmonic amplitudes, the analytical solutions of period-2 motions are
still very accurate. In Figure 5.6 (iii) and (iv), the period-2 motion in the transverse direction has
two cycles in phase plane, and the period-2 motion in the torsional direction has four cycles in
phase plane.

In Figure 5.6 (v) and (vi), the analytical solutions based on 120 harmonic terms (HB120)
are determined for the period-4 motion, and the corresponding harmonic amplitudes are

computed as well. The primary harmonic amplitudes A,,,, and A,,, (1=12,---,30 )

possesses a little wavy and exponential decrease with harmonic orders. The harmonic amplitudes

Auacaiaye A Agooiye (1=12,---,30 ) decrease wavily and exponentially with harmonic
orders. The harmonic amplitudes Ay, 5, With Agyg gy AN Agygs WIth Agy oy,

(1=12,---,30 ) experience strongly wavy and exponential decreases with harmonic orders,
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which is for period-4 motion only. The maximum and minimum of primary harmonic amplitudes
are Ay, ~0.2957 and Ay, ~8.0966x107"° with afy) =-0.0214 for transverse motion,
Azyus ~0.1070  and Ay, #1.5225x107 with afy ~—0.0246 for the torsional motion.
The centers of the trajectories for transverse and torsional motions are at x, =—0.0281 and
X, ~—0.06875 respectively. The maximum and minimum of second primary harmonic
amplitudes are A, ~8.0146x107° (A, = 6.1168x107°) and A, ~5.0693x107 for the
transverse motion, Ay, #0.2111 (A, ~0.0938) and Ay, ~9.1607 107 for the

torsional motion. The maximum and minimum of harmonic amplitudes for period-4 motion only

are Ay, ~1.4834x107° ( Ay, #1.0022x107°) and A, = 2.2607 x107for the transverse

motion, Ay, #0231 (Ayyg, =0.02)and  A,),,,, ~3.7012x107° for the torsional motion.

From the harmonic amplitudes, the analytical solutions of period-4 motions are very accurate. In
Figure 5.6 (v) and (vi), the period-4 motion in the transverse direction has four cycles in phase

plane, and the period-2 motion in the torsional direction has eight cycles in phase plane.

However, the quantity levels of harmonic amplitudes Ay, 540 Apwer Azyaisyser and
Aoaays (1=12,---,30 ) are small compared to the harmonic amplitudes of A, and

Aaaiys (1=1,2,---,30 ), thus the period-4 motion is very close to the period-2 motion.
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Figure 5.6: Stable period-1 to perid-4 motion of nonlinear cable structure in both transverse and
torsional directions on the other side of the bifurcation tree. Stable period-1 motion (Q = 43.56,

HB30): (i) Trajectory in transverse direction (X, y,), (ii) Trajectory in torsional direction ( x,, Y, )
Stable period-2 motion (Q=43.0, HB=60): (iii) Trajectory in transverse direction (X, Y,), (iv)
Trajectory in torsional direction (X,, y,). Stable period-4 motion (Q=42.605, HB=120): (v)
Trajectory in transverse direction (x;, y;), (vi) Trajectory in torsional direction ( X,, Y,).
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On the branch of pure period-1 motion, two period-1 motion at Q=37.55 and
Q=40.0 are presented in Figure 5.7. Both periodic motions are asymmetric period-1 motions.
Since they are from different branch, so pattern of trajectories are different from the period-1
motions at Q=35.40 and Q=43.56. The precision of analytical solutions for period-1 motion
in the transverse direction is 10 and 107° for torsional motion. Therefore the analytical

solutions of cable vibrations are very accurate.
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Figure 5.7: Stable symmetric period-1 motion of nonlinear cable structure (Q =37.55, HB30):
(i) trajectory (x,Y,) in transverse direction, (ii) trajectory (X,,y,) in torsional direction.
Stable symmetric period-1 motion of nonlinear cable structure (Q=40.0, HB30): (iii) trajectory
(x.,y,) intransverse direction, (iv) trajectory (X,,Y,) in torsional direction.
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Table 5.1 Input data for numerical simulations
Fig 5.6 Q X0 Yio Xo0 Yao Type Stability
(),(ii) 4356 -0.119849 10.148384  0.455719  39.892679 P-1 (HB30) _ Stable
(iii),(iv) 43.0 -0.097281 10.916667  0.583876  34.731342 P-2 (HB60) __ Stable
(v),(vi)  42.605  -0.110236 13.168890  -0.751864  -55.28607 P-4 (HBI20)  Stable
Table 5.2 Input data for numerical simulations
Fig 5.7 Q X1 Yio Xs0 Yoo Type Stability
(1),(i1) 37.55 0.184514 9.413522 0.153034 2.262215  P-1 (HB30) Stable
(iii),(iv) 40.0 0.050939 11.930684 0.089221 17.992086 P-1 (HB30) Stable

www.manaraa.com



123

CHAPTER 6

CONCLUSION AND FUTURE WORK

6.1 Summary

A two-degree-of-freedom model of galloping oscillation has been developed for a single
iced transmission cable which might be vibrate transversely and torsionally. The method of
generalized harmonic balance method is systematically introduced and applied to investigate the
periodic motions and limit cycles.

The periodic motions of a linear cable structure is investigated analytically by using the
generalized harmonic balance method. The analytical bifurcation trees of periodic motions are
obtained for square prism section. The stability analysis is also performed for the periodic
motions. Both stable and unstable analytical solutions of periodic motions are presented. The
limit cycle, if galloping vibrations exist, are obtained. Finally, the phase trajectories,
displacement, and velocity time history plots for different periodic motions are illustrated.

The periodic motions of a nonlinear cable structure is carried out by using the generalized
harmonic balance method. The analytical routes from period-1 motions to chaos are obtained for
square prism section. The stabilities are analyzed. Stable period-1 motions to period-4 motions
are demonstrated in the phase space and time domain. Such a nonlinear phenomenon will be

helpful to understand mechanism of galloping vibrations.

6.2 Future work

The following working are suggested.
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1. An investigation of the periodic motions of elastic structures of other cross sections
can be completed immediately. It can be used to evaluate the effects of different cross sections
on periodic motions and galloping vibrations.

2. The analytical solutions of periodic motions in high DOF models can be investigated
by using the generalized harmonic balance method. However, it needs a large amount of
computation work. Other techniques can be used instead of the method of generalized harmonic
balance.

3. A bundle of conductors rather than a single conductor can be investigated and studied

in the future.
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APPENDIX A

A.1 Mathematical expression for each of the term after averaging for the constant term.

N N N N N
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A.2 Mathematical expression for each of the term after averaging for the cosine term.
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A.3 Mathematical expression for each of the term after averaging for the sine term.
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A.4 Additional terms for nonlinear cable structure
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APPENDIX B

B.1 Mathematical expression for the derivative of the constant term.
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OB = 7 Pn/m + Z z (C2j/mQ(j+n)/m + C2j/mQ(j—n)/m - Czj/mQ(n—j)/m) + Z Z (b2j/m P(j+n)/m + b2j/m P(j—n)/m
n j=1 j=1
+ b2j/m I:)(n—j)/m)
of° 19 13
B = A0, + 1 Z (017D cmym iy + BaismBogniym) + 1 Z (CaismCagienyim F CaimCagiznym
n i=1 i=1
- CZi/mCZ(n—i)/m)
of? 13
ac = EZ;(B(j—n)/ij/m +B(n—j)/mcj/m - B(n+j)/ij/m)
2n 1=
of 1 1
oc = Zzl(cj/m I:)(j—n)/m +Cj/m I:)(n—j)/m - Cj/ml:)(jﬁ-n)/m) + Zzl(Bj/mQ(m—j)/m + Bj/mQ(n—j)/m
2n 1= 1=
o Bj/mQ(j—n)/m)
of°

N N
= aZOCn/m + Z (Czi/m B(n—i)/m + c:Zi/m B(i—n)/m - Czi/m B(i+n)/m) + z (bzi/mC(Hn)/m + b2i/mC(n—i)/m -
2n i=1 i=1

bZi/mC(i—n)/m)

o _13 P P P
ac - Ezl‘,( j/mQ(j+n)/m + j/mQ(n—j)/m - j/mQ(j—n)/m)
2n =
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afllo 1 N 1 N
= aZOQn/m += Z (bzi/mQ(i+n)/m + bZiImQ(n—i)/m - b2i/mQ(i—n)/m) += z (Czi/m P(n—i)/m + Coiim P(i—n)/m
oc,, 23 23
~ Coi/m P(i+n)/m)
afllz 3
= 3a20C2n/m + E Z(bzi/mcz(i+n)/m + b2i/m(:2(n—i)/m - bZi/mCZ(i—n)/m)
CZn i=1
oC nQ, oP, nQ, 0Q, , nQ

2, =G ac,. e ob,. =G m) ac2n (_)

B.2 Mathematical expression for the derivative of the cosine term.

61: 3
8a20

__Z(Bj kBj/m + Bk ij/m k+J ]/m)+ Z(Cj/mcj+k +Cj/mCJ k C:j/ka—j)
j=1

- _Z(Bj/m j+k J/m PJ k J/m )+ Z(Cj/mQ]+k + CJ/m(? j—k Cj/ka j)

aazo i1
of)
=2a,B,,, + Z(CZj/ij+k +CymCik —CoymCij) + Z (0 Bk T BBk +0,mB ;)
20 j=1 j=1
of, 13 13
__2( PimPik + PPk + Pj/mPk—j)+§z(Qj/mQj+k +QimQjx — QjmQ;)
)

0ay, =}

af 10 N
6; = 28, P + Z (bZJ/m Pj+k + b2]/m Pj KT b21/m Pk—j) + Z(Czj/mQHk + CZJ/mQJ’—k B CZi/ka-i)
20 j=1 j=1
8f212 3 3 N
0 = 6a20b2k/m + _Z (b2i/mb2(i+k) + b2|/mb2(| k) + b2|/mb2(k7i)) +- Z(Czi/mcz(nk) + C2i/mC2(i—k)
Ay, 24 24
- CZi/mCZ(k i))
- _Z(Bllm ivrek T Bl/mCr ik T B|/mCr-¢-k 4t B|/mC|+r k |/ka—i—r - Bi/mCi—r—k - Bi/ka+i—r)
af;‘ 19
P = EZ(Bi/mQH—Hk + Bi/mQr—i—k + Bi/mQr+k—i + Bi/in+r—k o Bi/ka—i—r o Bi/in—r—k o Bi/ka+i—r)
Qn i=1
N
+%Z(Ci/m Pk+i—r + Ci/mP x T Cl/mP « T C|/m Pr+k i _Ci/m Pi+r—k _Ci/m Pk—i—r _Ci/m Pi+r+k)
i=1
ofy 1
8Q 2 20 (Cr k +C Ck r) +— z(bZI/mCI+r+k + b2|/mCr i—k + b2|/mCr+k i + b2|/mC|+r k
=1
13
b2i/ka—i—r - b2i/mCi—r—k - b2i/ka+ifr) + Z z (Czi/m Bk+i—r + C2i/m Bi—r—k + C2i/m Br—i—k + C2i/m Br+k—i

i=1

~ Coi/m Bi+r—k ~ Coim Bk—i—r ~ Coim Bi+r+k)
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off 3
6Q :EZl(Q /ij r—k +Q; ji/m J+k r +Q; j/m r+k J+QJ/mP k-j QJ/m k—r—j Q j/m ”’kﬂ Q./mPHj k)
]=
of,)
6Q = a20 (Qr k +Qr+k Qk r) +- Z(bZI/mQH-H—k + b2|/mQr i—k + l':)lemQrJrk —i + b2|/mQ|+r k b2|/ka —i-r

i=1

B b2i/in—r—k - bZiIka+i—r) + E z (C2i/m Pk+i—r + Coitm Pi—r—k + Coiim P—'—k + Coim Pr+k—i = Coiim Pi+r—k

~ Caim Pk—i—r = Caim Pi+r+k)

61:210

oQ = 850 (ot + Caraty ~ Copen) + 2 Z(bZi/mCZ(i+r+k) + By Cogriky * BaismCarranciy + PaimCogiseiy
n i=1

- b2i/mC2(k—i—r) - b2i/mC2(i—r—k)

- bZiImCZ(k+i—r))
af 2 N

__Z(lem j—n—k + Bj/mBJ+k n + Bj/mBn+k j + Bj/mBn k—j + BJ/mBk n—j Bj/mBn+k+j +
J
N
Bj/m Bn+j—k) + Zz(cj/mcj—n—k + CJ/mC]+k n_ Cj/an+k—j - Cj/an—k—j - Cj/ka—n—j +
j=1
CJ/an+k+J +Cj/an+j—k)
of} 13
a_P = EZ(Bj/ij—n—k + Bj/m Pj+k n T Bj/m PI‘H—k i + BJ/mP + Bj/m I:)k -n-j Bj/m Pn+k+j + Bj/m Pn+j—k)
n =1
1 N
+ EZ(Ci/kaH—n + Ci/in—n—k + Ci/in+n+k + Ci/in+n—k _Ci/an—i—k _Ci/QO-k i _CI/ka i n)
i=1
oy

1 N
6P = [E aZO(Bn—k + Bn+k + Bk—n) + ZZ(ij/mBj—n—k + ijImBj+k—n + b2j/m Bn+k j + bZJ/m n—k-j +

j=1

1 N
ij/m Bk—n—j + b2j/m Bn+k+j + ij/m Bn+j—k) + Z Z(CZi/kaH—n + C2i/mCi—n—k + C2i/mC|+n+k +
i=1

CZiImCHn—k + CZi/an—i—k + CZi/an+k—i + C2i/ka i n)
of, 3
2= _Z(Pj/m I:)j—n—k + I:)j/m Pj+k o T I:)J/ml:)n+k j + I:)J/mF) + Pj/m I:)k -n-j Pj/m Pn+k+j + PJ/m Pn+j—k)
P 44
3 N
4+ =

4 Z(Qi/kaH—n +Qi/in—n—k +Qi/in+n+k +Qi/in+n—k _Qi/an—i—k _Qi/an+k i _Qi/ka i n)
i=1

of,) _1

F) ;(B,,mpj rk T BimPicn + BimPruc + BymPric; + BynP,

jim® n+k—j j/m* k-n—j BJ/mPn+k+J +Bj/mPﬂ+j—k)

(CI/ka-H ot C|/mQ| ek T Cl/mQ|+n+k + Cl/mQ|+n k Ci/an i—k _Ci/QO—k—i - Ci/ka—i—n)

Nll—\
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af 210
oP.

n

= aZO(bZ(n—k) + b2(n+k) 2(k n)) +— Z( 2 jim 2(J—n—k) + b2j/mb2(j+k—n) + b2j/mb2(n+k—j) + b2j/mb2(n—k—j)

+ b2j/mb2(k—n—j) + b2j/mb2(n+k+j) + ij/me(n+J k) +— Z(CZj/m 2(j—n-k) + CZJ/mC 2( j+k-n) C2j/mC2(n+k—j)

j—l
- CZj/mCZ(n—k—j) - C2jImCZ(k—n—j) + C2j/mC2(n+k+j) + C2j/mC2(n+j—k)) + aZZOkQé‘:
ol 3Q
Eol = EZ(Bi/mCHmk +BinCoik + BinCoiii + BinCisnk = BinCiicn = BinCisnk = BinCiiin)
n i=1
o2 1
E B EZ(Ci/ijfn—k +lem I:)Hk n +CJ/m Pn+k i + CJ/mP CJ'/m IDkfnfj _Cj/m Pn+k+j _Cj/m I:>”+J'*k)
+- Z(BllmQHmk + BI/an i—k + Bl/QOk —i + Bl/mQHn k B|/ka i-n Bl/le n—k Bi/kaJri—n)
i=1
of}
3? =ay (Cn—k +C Ck n) += Z(bZIImCHnJrk bZi/an—i—k + bZi/anJrk—i + b2i/mCi+n—k - b2i/ka—i—n
n i=1
bzumC b2|/mck+i—n) + E Z(Czum Bk+i—n * Cim Bi—n—k * Caiim Bn—i—k * Cim Bn+k—i ~ Caiim Bi+n—k
i=1
- CZi/mBk i-n — Caim Bi+n+k)
of}
5 = _Z(F)I/kaH n |/in—n—k + I:)i/an—i—k + I:)i/anJrk—i - I:)i/inJrn—k |/ka i-n |/mQ|+n+k)
oy 1 13
f = [E Ay (Qn—k + Qn+k - Qk—n) + Zz(bzi/mQH—mk + bZiIan—i—k + bZiIan+k—i + bZiIin+n—k - bzi/ka—i—n
n i=1
1 N
=B, Qi = BoimQusica) + 1 Z (CairmPrsizn + Cairm Pk + Coirm Prick + i Prai = Coirm Pron s —
i=1
Coitm Pk—i—n — Coifm Pi+n+k)
of f

oC =ay (CZ(n—k) * Cotnay ~ Coue n)) += z( Copisnsiy T bZiCZ(n—i—k) + bZiCZ(n+k—i) + bZiCZ(i+n—k) - b2iC2(k—i—n)

n

- b2iC2(i—n—k) - b2ic2(k+i7n))
of) 13

6b2 = Zzl(Bj/m Bj—n—k + Bj/m Bj+k n + lem Bn+k j + Bj/mB + BJ/m Bk n—j Bj/mBn+k+J + Bj/m Bn+j—k)
n 1=
+ (CJ/ij ek T Cj/ij+k n _Cj/an+k—j _Cj/an—k—j _Cj/ka—n—j +Cj/an+k+J +CJ/an+j—k)
1-1
ofF 1
b 421‘, im Pk F BimPiacn + BimPraci T BimPak i T BimPni T BimPoke T BimPosjx)
2n
1 N
Zzl CJ/mQJ n-k +CJ/mQJ+k -n Cj/an+k—j _Cj/an-k—i _Ci/ka-”—J +Cj’mQ”+k+j +Cj/mQ”+j‘k)
of) 13
K = aZO(Bn—k + Bn+k + Bkfn) + EZ;(bZ] Bj—n—k + b2j Bj+k—n + b2j Bn+k—j + b2j Bn—k—j + b2j Bk—n—j + b2j Bn+k+j
2n J=
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c..C

n-i—k — “2i “n+k—i

+ 2] n+J k) += Z(CZ|Ck+| n 2|C| n—k +CZ|C|+n+k +C2|C|+n k CZiC
=1
- CZiCk—i—n)

of,) 1
T = aZO(Bn—k + Bn+k + Bk—n) + EZ(sz/m Bj—n—k + b2j/m Bj+k—n + b2j/m Bn+k—j + sz/m Bn—k—j +
2n =1

1 N

b2j/m Bk—n—j + b2j/m Bn+k+j + b2j/m Bn+j7k) + EZ(CZi/kaH—n + C2i/mCi—n—k + C2i/mCi+n+k +
i=1

C2i/mC'

i+n-k

- C2i/an—i—k - C2i/an+k—i - CZiIka—i—n)

af 10 1 N
6b2 =a, (P + P TR+ EZ(sz/m Pj—n—k + b2j/m Pj+|<—n + b2j/m Pn+k—j + b2j/m Pn—k—j
2n =1

+b

2j/m

13
I:)k—n—j + b2]/m Pn+k+] + bZJ/m n+j— k) +Z Z(CzqukH -n + C2|/mQ| -n—k + C2|/mQ|+n+k

=1
+ C2i/in+n—k - C2i/an—i—k - C2i/an+k—i - C2i/ka—i—n)

ale 3 N
2 _
8b - 38‘20 (bZ(n—k) + b2(n+k) + b2(k7n)) + Z Z (b2j/mb2(jfnfk) + b2j/mb2(j+k—n) + b2j/mb2(n+k—j)
2n =1
+b,, b +b,, b +b,, b +b,, b )+3i(c c +0°3aZ
2j/m™~2(n—k-j) 2 jim~2(k-n-j) 2 j/m™2(n+k+j) 2 j/m™~2(n+j—k) Z _ 2 j/m™~2(j-n—k) n 20
C2j/mC'2(j+k—n) - C2j/mC2(n+k—j) - C2j/mCZ(n—k—j) - C2j/mC2(k—n—j) + C2j/mCZ(n+k+j) + C2j/mC2(n+j—k))
of 2 1 ob, =5, of° I ob,, = 5"
of,) L
2 _
aB __Z(Bj/mBj -n-k + BJ/mBj+n k + Bj/mBm—k j + BJ/mB + BJ/mBk -n—j Bj/mBn+k+j
n =1
3 N
+ Bj/m Bn+j—k) + ZZ(Cj/ij—n—k + Cj/ij+k—n - Cj/mCm—k—j - Cj/an—k—j - Cj/ka—n—j
+ CJ/an+k+J + Cj/anJrj—k)
off 1Y
2
68 - _Z(lempj —n—-k + Bj/ij+k -n + BJ/mPn+k j + BJ/mP + BJ/ml:)k —n—j Bj/m|:>n+k+j + Bj/mF)n+j—k)
j=1

+ E Z (Cj/mQj—n—k + Cj/mQj+k—n - Cj/an+k—j - Cj/an—k—j - Cj/ka—n—j + Cj/an+k+j
j=1
+ Cj/m(gn+j—k)

of,} 1Y
6?2 = aZO(Bn—k + Bn+k + Bk—n) + EZ(ij/mBj—n—k +b2j/mBj+k—n + b2j/m Bn+k—j + b2j/m Bn—k—j
n j=1

1 N
+ b2j/m Bk—n—j + b2j/m Bn+k+j + b2j/m Bn+j—k) + E Z (CZi/ka+i—n + CZi/mCi—n—k +CZi/mCi+n+k
i=1

+ C2i/mC - C2i/an—i—k - C2i/an+k—i - C2i/ka—i—n)

i+n—k
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8f4

N
—=%Z(PJ,mPJnk+P Piccn + PimPoiii + PP + PimP
j=1

knJ

+P, P +P P )

jm" j+k-n jim® n+k—j j/m JIm® n+k+j jIm" n+j

n

+%Z(Q|/ka+| n +Q|/mQ| n—-k +Q|/mQ|+n+k Ql/mQ|+n k Ql/an i-k Ql/an+k i Ql/ka i— n)

of, 1
2
88 2 ZO(P + n+k+Pk n)+ Z(sz/m jnk+b21/m J+k— n+b2]/m n+k— J+b21/m -]
j—l

+ b2j/m I:)k—n—j + bZJ/m Pn+k+j + bZJ/m n+j— k) +— Z(CZI/kaH 2|/in—n—k + Czi/in+n+k
=1
+ CZi/mQHn—k - CZiIan—i—k - C2i/an+k—i - C2i/ka—i—n)
oty b b b LS b,. b b, b b,., b
8? = 8.20( b (n—k) + 2(n+k) + z(kfn))*‘ZZ( 2 jIm™~2( j-n—k) + 2 jIm™~2( j+k-n) + 2 jim=2(n+k-}) +
n =1

b2]/mb2(n k—1j) + b2]/mb2(k n-j) + szlmbz(n+k+1) + bZJ/me(n+J k)) +— Z(CZJ/m 2(j—n-k) + Czj/mCZ(J+k n)
j—l

k 2
- C2j/mC2(n+k—j) - C2j/mc2(n—k—j) - C2j/mc2(k—n—j) + C2j/mC2(n+k+j) + C2j/mC2(n+j—k)) + 5n kQO‘eazo

o, 1
8C2 - _Z(Bllmcwmk + B|/an i-k + Bl/an+k i + Bl/mCHn k B|/ka i-n B|/mC |/ka+i—n)
2n =1
of?
oc = _Z(BI/mQI-H‘H-k + B|/an —i—k + B|/an+k =i + Bl/mQ|+n k B|/ka —i-n B|/mQ| -n—k BI/ka-H n)
2n i=1
+— Z(lem Pj n—k +lem j+k-n +Cj/mPn+k j +CJ/mP Cj/mPk—n—j _Cj/m Pn+k+j

- Cj/m Pn+j—k)

of,; 1
8C2 =a,,(C, +C —C, ) + E Z (CoimBrsizn + CaimBink + CoimBriik + CaimBrai — CaimBiin
2n i
~ Coim Bk—i—n = Coim |+n+k) +- Z(bzllmCHnJrk + bZI/an ik T b2|/an+k it bZI/mCHn k b2i/ka—i—n
=1
- bzi/mci—n—k - bzi/mck+i—n)
ox _ SkQ
oc,, "
of, 13
ac = Ez( |/mQ|+n+k + |/an S t P|/an+k i Pi/in+n—k |/ka —i-n |/in—n—k - F)i/ka+i—n)
2n 1=
aflO 1 N
acz a20 (Qn—k + Qn+k - Qk—n) + E Z(bZi/in+n+k + b2i/m(gn—i—k + b2i/m(gn-¢-k—i + b2i/in+n—k -
2n i=1

1 N
b2i/ka—i—n - b2i/in—n—k - bZiIka+i—n)EZ(C2i/m Pk+i—n CZl/mP ek T C2|/mP—i—k + Coiim Pn+k—i -
i=1

Caiim Pi+n—k ~ Coi/m Pk—i—n = Caim Pi+n+k)
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= 3azo (Cz(n-k) + CZ(n+k) - CZ(k—n)) + E Z (bzi/mcz(i+n+k) + bzi/mcz(n—i
oc,, i-1
- b2i/mC2(k—i—n) - b2i/mC2(i—n—k) - bZiImCZ(k+i—n))
af 14
= 5kQ
602n

145

4 T b2i/mC2(n+k—i) + b2i/mC2(i+n—k)

B.3 Mathematical expression for the derivative of the sine term.

N

+ CZi/m Bi—k - C2i/m Bi+k)

= Z BI/mCI+k + B|/mC |/mC| k)
i=1
af 1Y 19
=5 Z (Bi/in+k + Bi/ka—i o Bi/in—k) 3 Z (Ci/m Pi—k + Ci/m Pk—i o Ci/m Pi+k)
oa,, 23 23
of N N
= 28,Cyy + Z (BimCikc + 051y Cri = Do Cisi) + Z(Czi/m By
20 i=1 i=1
ofy &
aazo Zl( |/mQ|+k |/ka i QI k)
of 10 N N
P = =28, Qi + 2 B Qik + P = Do Qi) + 22 (G Pci + Coin P = o Pre)
20 i=1 i=1
12

N
= 68,,Cop/y + 32 (bzi/mcz(i+k) + bzi/mcz(k—i) - bZi/mCZ(i—k))
20 i=1

ofr 1

P = ZZ(Bj/mBk—n—j + Bj/mBn+k+j + Bj/mBj+k nt Bj/mBn+k j Bj/m Bn—k—j - Bj/mBj—n—k
Qn j=1
J/m n+J k) +— z(cjlm n+j-k +CJ/ij+k -n +CJ/an+k j Cj/an—k—j _Cj/ka—n—j

C C Cj/ij—n—k)

JIm~n+k+j
af 4
8Q - EZ(CJ/mQH—k -n +Cj/an+k i +Cj/an+j Cj/m(gn—k—j _Cj/ka—n—j _Cj/an+k+j
j=1
Cj/mQJ -n— k)+ Z(lem j+k—-n + lem I:)m—k j + Bj/m Pk —n—j Bj/m Pn+k+j - Bj/m IDn—k—j
BJ/m I:)n+j—k - Bj/m I:)j—n—k)
off 1 1
P 2 zo(Bn T Bk n Bn+k) + Zz(sz/mBj+k—n + b2j/m Bn+k—j + b2j/m Bk—n—j + b2j/m Bn+k+j
Qn j=1
l N
- b2j/m Bn—k—j - b2j/m Bn+j—k - b2j/m Bj—n—k) + Z Z(Czi/mck+i—n + Czi/mCi+n—k + Czi/anJrk—i -
C2i/ka—i—n - Czilmci—n—k - C2i/mCi+n+k - C2i/an—i7k)

www.manaraa.com



146

8 3 N
an 4 Z (Qi/kaH—n + Qi/inJrn—k + Qi/an+k—i - Qi/in—n—k - Qi/in+n+k - Qi/an—i—k - Qi/ka—i—n)
n i=1
3 N
+— 4 Z(Pj/m Pn+j—k + Pj/m Pj+k n T PJ/mP + lem Pk n—j Pj/m Pj—n—k - Pj/m Pn+k+j - Pj/m Pn+k—j)
j=1
of; 1

5 - aZO(Pn—k + Pk—n - n+k) t3 z(bZJ/m j+k-n + b2]/m Pn+k i + bZJ/mPk -n-j + sz/mP”+k+j N
n i=t
N

1
b2j/m Pn+j—k - b2j/m Pj—n—k - b2j/m Pn—k—j) + E z (Czwkanm + Czi/mQHn—k + CZiIan+k—i - C2i/ka—i—n

i=1
- C2i/in—n—k - CZiIin+n+k - CZiIan—i—k)
10 N
o, 1

= a20 (bz(n—k) + bZ(k—n) - b2(n+k)) +— Z(sz/mbz(j+k—n) + bZJ/me(n+k—j) + b2j/me(k—n—j) +
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APPENDIX C

C.1 Mathematical expression for the derivative of time derivative of
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o2 1, . L, off .
. _Z(Bllm +C|/m) + 3.20, PO Z(Bi/m l:>i/m +Ci/in/m) + 2a20a10

aam aaio i=1

of ° ofd 3 .
66'\110 = —Z (Bg1/mBism + CaigmCim) + 82080, 66'1110 = 5.2:1: (P|/2m + Qiim) + 33120
61: 9

of

2a, _Z(bZI/m Y + CoimQim) +285084, o, =8, += Z(bZI/m Coirm)
0 =1

of}! _3 of?  of? _ oft of? _o of®> of} _3 of}  of? o of of° 3 of 1

aa.20 aalO , aa.'20 aalO 1 aa20 aalO , aa-'20 8alO , aa.20 aalO , 8&20 - aaiO

of
aai 2aZOBk/m +- Z(Bj k™=j/m + Bk ]Bj/m k+j j/m)+ Z(CJ/mCHk +CJ/I’I’1CJ k Cj/ka—j)
0 J

o . .
aaj = 285, Pp +28,,By ), + Z(Bj/m Pis + By P + Bj/mpk—j)+z(ci/in+k FCimQye
0 1= =
_Cj/ka—j)
of; o 13 Ly
PY 80Bi/m + AxDi/m EZ(Czj/ank +CoimCac ~CajmCi )+ 5 2 (rynBy +0;mBy
A =1 2
+b2j/m Bk—j)

of}
aai _6a10 k/m Z( j/ij+k+ j/ij—k+ J/mPk ])+ Z(Qj/mQJ+k+Qj/mQ] k Qj/ka ])
0
of . .
. 2a‘ZOPk/m + 2a10bZk/m + Z(ij/m F)j+k +b2j/m I:)j—k +b2j/m I:)k—j) + Z(CZj/mQHk +C2j/mQj—k
0 j=1 j=1
_C2j/ka j)
5f10 1{
. 20 2k/m += 2( 2i/m 2(|+k) +b2|/mb2(| k) +b2|/mb2(k—i))+EZ(C2i/mC2(i+k) +C2i/mC2(i—k)
0 i=1
—Cai/m 2(k—i))
ofy _goff off _joff of ,off off _of) off _1of) off _of
63‘20 aaio aazo aa’lo aa.‘20 8a10 a";120 aaio aazo 2 aalO aazo aaio
of, ..
—=28,R,,
aazo 0" k/
of? i
. (BI mCH + BI mC i mC| )
6310 — / k / i/ k

www.manaraa.com

152



153

af 4 N
Z(BI/mQHk + BI/ka —i B|/mQ| k) + Z(Cllm Ci/m Pk—i _Ci/m Pi+k)
6310 i1
oy >
a- 20Ck/m += Z(b2|/mcl+k + b2|/ka i b2|/mC| k) += Z(CZI/m Bk i + C2|/m BI k CZi/m Bi+k)
a10 i=1 i=1
af 8 N
PV 32( |/mQ|+k + |/ka —-i |/m i— k)
af 9
681 2aZOQkIm + Z(b2|lmQ|+k + b2|/ka =i bZlIle k) + Z(CZHm Pk —i + C2|/mP C2i/m Pi+k)
0
af 10

o8, 2a20C2klm + Z(bzum 20i+k) T b2|/m 2(k—i) b2i/mC2(i—k))
0 i=1

af1 af2 6f2 af;‘ 6f33 9 6f35 6f34 3 1 af3B 6f35 3 E af;’ 6’f36 3 6f31°
63‘20 aalO aa'20 aa'J.O ' 6&20 aa‘lO l aazo 3 6310 ' aa.‘20 2 aalO ’ aazo 6alO
OP, 1 6$n 1 6(?n _1 691 1

ob,, oc,, oc,,

b,

www.manharaa.com




154

VITA

Graduate School
Southern Illinois University

Bo Yu
byinly@gmail.com

Henan University of Science and Technology
Bachelor of Science, Automotive Engineering, Sep 2010

Southern Illinois University Edwardsville
Master of Science in Mechanical Engineering, Aug 2013

Special Honors and Awards:
e Second grade scholarship from automotive department Fall/2007
e Dean’s list Fall/2008
e Ford Motor Company Scholarship Fall/2008

Dissertation Title:
Nonlinear Dynamics of Cable Galloping via a Two-Degree-of-Freedom Nonlinear
Oscillator.

Major Professor:  Albert C.J. Luo

Publications:
Journal Papers

1. Luo, A.C.J. and Yu Bo, 2015, “Bifurcation Tree of Period-1 Motions to Chaos in a Two-
Degree-of-Freedom Nonlinear Oscillator”, International Journal of Bifurcation and
Chaos.

2. Bo Yuand Albert C.J. Luo, 2015, “Analytical period-1 motions to chaos in a two-degree-
of-freedom oscillator with a hardening nonlinear spring”, International Journal of
Dynamics and Control. DOI:10.1007/s40435-015-0216-8

3. Luo, A.C.J. and Yu, B., 2014, “Analytical routes of period-m motions to chaos in a
parametric, quadratic nonlinear oscillator”, International Journal of Dynamics and
Control. DOI: 10.1007/s40435-014-0112-7

4. Luo, A.C.J. and Yu, B., 2014, “On effects of excitation amplitude on bifurcation trees”,
Nonlinear Dynamics & Mobile Robotics. 1(2):231-263

5. Luo, A.C.J. and Yu, B., 2014, “Bifurcation trees of periodic motion to chaos in a
parametric, quadratic nonlinear oscillator”, International Journal of Bifurcation and
Chaos. Volume 24, Issue 05, DOI: 10.1142/S0218127414500758

6. Luo, A.C.J. and Bo Yu, 2013, “Period-m motions in a periodically forced oscillator with
quadratic nonlinearity”, Discontinuity Nonlinearity Complexity. Volume 02, Issue 03, pp
263-288, DOI: 10.5890/DNC.2013.08.004

www.manaraa.com



155

. Luo, A.C.J. and Bo Yu, 2013, “Complex period-1 motions in a periodically forced,
quadratic nonlinear oscillator”, Journal of Vibration and Control. DOL:
10.1177/1077546313490525

. Luo, A.C.J. and Bo Yu, 2013, “Analytical solutions for stable and unstable period-1
motions in a periodically forced oscillator with quadratic nonlinearity”, Journal of
Vibrations and Acoustics. Volume 135, Issue 3, DOI: 10.1115/1.4023834

Book Chapters:

. Luo, A.C.J, Bo Yu, “Period-1 Motions in a Quadratic Nonlinear Oscillator” Nonlinear
Dynamics and Complexity in Nonlinear Physical Systems. (V. Afraimovich, Albert C.J.
Luo, Xilin Fu, eds), pp. 121-142.

Conference Publications:

. Albert C. J. Luo and Yu, B., “Bifurcation analysis of a nonlinear two degree-of-freedom
oscillator under harmonic excitation”, ASME 2015 International Mechanical Engineering
Congress and Exposition, Houston, USA, Nov 13-19, 2015.

. Albert C. J. Luo and Yu, B., “Bifurcation analysis of a nonlinear two degree-of-freedom
oscillator under harmonic excitation”, ASME 2015 International Design & Engineering
Technical Conferences and Computers & Information in Engineering Conference,
Boston, USA, Aug 2-5, 2015.

. Albert C. J. Luo and Yu, B., “Analytical solutions of period-m motions in a parametric,
quadratic nonlinear oscillator”, 8" European Nonlinear Dynamics Conference, Vienna,
Austria, July 6-8, 2014.

. Albert C. J. Luo and Bo Yu, “Bifurcation Trees of periodic motion in quadratic nonlinear
oscillator”, ASME 2014 International Design & Engineering Technical Conferences and
Computers & Information in Engineering Conference. Buffalo, New York, Aug 17-20),
2014.

. Albert C. J. Luo and Bo Yu, “Analytical period-m motions of a parametric, quadratic
nonlinear oscillator”, 5 International Conference on Nonlinear Science and Complexity,
Xi’an Jiaotong University, Xi’an, China, Aug 4-9, 2014.

. Luo, A.C.J. and Bo Yu, “An Approximate Solution for Period-m Motions in a
Periodically Forced Oscillator with Quadratic Nonlinearity”, ASME 2013 International
Mechanical Engineering Congress and Exposition, San Diego, California, USA,
November 15-21, 2013.

. Luo, A.C.J. and Bo Yu, “Analytical Period-1 Motions in a Periodically Forced Oscillator
with Quadratic Nonlinearity”, ASME 2012 International Mechanical Engineering
Congress and Exposition, Houston, Texas, USA, November 9-15, 2012.

. Luo, A.C.J. and Bo Yu, “Analytical Routes to Chaos in Quadratic Nonlinear Oscillator”,
The International Conference on Nonlinear Dynamics and Complexity, Jinan, Shandong,
China. July 23-2, 2012.

www.manaraa.com



